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Abstract
The concept of Hopf-Galois extensions was introduced by S. Chase and M. Sweedler
in 1969 and provides a generalisation of classical Galois theory. Later, Hopf-Galois
theory for separable extensions of fields was studied by C. Greither and B. Pareigis.
They showed how to recast the problem of classifying all Hopf-Galois structures on
a finite separable extension of fields as a problem in group theory. Many major
advances relating to the classification of Hopf-Galois structures were made by N.
Byott, S. Carnahan, L. Childs, and T. Kohl.
On the other hand, and seemingly unrelated to Hopf-Galois theory, in 1992 V.
Drinfeld formulated a number of problems in quantum group theory. In particu-
lar, he suggested considering set-theoretic solutions of the Yang-Baxter equation.
Later, W. Rump introduced braces as a tool to study non-degenerate involutive
set-theoretic solutions, and through the efforts of D. Bachiller, F. Cedo´, E. Jespers,
and J. Oknin´ski the classification of these solutions was reduced to that of braces.
Recently, skew braces were introduced by L. Guarnieri and L. Vendramin in or-
der to study the non-degenerate (not necessarily involutive) set-theoretic solutions.
Additionally, a fruitful discovery, initially noticed by D. Bachiller, revealed a con-
nection between Hopf-Galois theory and skew braces, which linked the classification
of Hopf-Galois structures to that of skew braces.
Currently, the classification of Hopf-Galois structures and skew braces of a given
order remains among important topics of research. In this thesis, as our main results,
we determine all Hopf-Galois structures on Galois extensions of fields of degree p3,
and at the same time we provide a complete classification of all skew braces of order
p3, for a prime number p. These findings hence offer applications to Galois module
theory in number theory on the one hand, and to the study of the solutions of the
quantum Yang-Baxter equation in mathematical physics on the other hand.
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Part I
Introduction and Preliminaries

Chapter 1
Introduction
1.1 Overview
Hopf-Galois structures on a separable extension of fields is a subject of interest in
the area of Galois module theory, with application in number theory, and have been
under investigation since the later part of the 1980s. On the other hand, skew braces,
used as a tool to study set-theoretic solutions of the Yang-Baxter equation, are an
important topic of research in quantum group theory. The Yang-Baxter equation is
one of the basic equations in theoretical physics, which lies in the foundation of the
theory of quantum groups. The study of this equation has applications in other areas
of mathematical and theoretical physics such as statistical mechanics, quantum field
theory, differential equations, and knot theory. Recently, efforts of many researchers
have established a link between Hopf-Galois theory and skew braces.
Many advances have been made towards the classification of Hopf-Galois struc-
tures and skew braces, however, the problem of classifying these objects remains
widely open. To this end, in the main part of our work, we have endeavoured to
provide the classification of Hopf-Galois structures on Galois field extensions of de-
gree p3 for a prime number p, and furthermore, by utilising the link between the
two areas, to give a complete classification of all skew braces of order p3.
The notion of Hopf-Galois extensions provides a generalisation of classical Galois
theory. For L/K a finite Galois extension of fields with Galois group G, a Hopf-
Galois structure on L/K is defined to be a K-Hopf algebra H, with an action on
L, making L into a H-Galois extension, i.e., H acts on L in such way that the
K-module homomorphism
j : L⊗K H −→ EndK(L) given by j(x⊗ y)(z) = xy(z) for x, z ∈ L, y ∈ H
is an isomorphism. For example, the group algebra K[G] endows L/K with the
classical Hopf-Galois structure, however in general there can be more than one
Hopf-Galois structure on L/K. Hopf-Galois structures are studied within a branch
1.1 Overview 7
of algebraic number theory, called Galois module theory, which is concerned with the
properties of rings of integers of Galois extensions of number fields as modules over
the integral group ring of the Galois group. Classification of Hopf-Galois structures
on Galois field extensions enables Galois module theoretic study of Galois extensions
of fields; for example, the study of non-classical Galois scaffolds.
The concept of Hopf-Galois extensions for arbitrary field extensions is due to
Chase and Sweedler [CS69]. Later, Hopf-Galois theory for separable extensions of
fields was studied by Greither and Pareigis [GP87]. They showed how to recast
the problem of classifying all Hopf-Galois structures on L/K as a problem in group
theory. Consequently, they proved that every K-Hopf algebra H which endows
L/K with a Hopf-Galois structure is of the form L[N ]G for some N ⊆ Perm(G)
which is a regular subgroup normalised by the image of G, as left translations,
inside Perm(G), the permutation group of G. Here G acts on the group algebra
L[N ] through its action on L as field automorphism and on N by conjugation inside
Perm(G). Subsequently, the isomorphism class of N became known as the type
of the Hopf-Galois structure. There has since been many comprehensive studies of
Hopf-Galois structures; we have gathered some of the relevant existing literature.
Byott [Byo96] showed that if L/K is a finite Galois extension of fields of degree
n, then L/K admits a unique Hopf-Galois structure if and only if n is a Burnside
number – i.e., gcd(n, φ(n)) = 1, where φ is the Euler’s totient function. On the other
hand, Kohl [Koh98] studied Hopf-Galois structures on Galois field extensions with
cyclic Galois group of order pn, for an odd prime p; in such case there are precisely
pn−1 Hopf-Galois structures of cyclic type. Later, Byott’s work [Byo07] also solved
the problem for p = 2.
In addition, results obtained by Byott [Byo96, Byo04b] classify the Hopf-Galois
structures on Galois field extensions of degree p2 and pq for two primes p and q
as follows. Let L/K be a Galois extension with Galois group G. If G is cyclic
of order p2, then L/K has exactly p distinct Hopf-Galois structures of cyclic type
for odd p; for p = 2 there is one cyclic type and one elementary abelian type. If
G is elementary abelian of order p2, then L/K has exactly p2 distinct Hopf-Galois
structures all of which are of elementary abelian type when p is odd; for p = 2 there
is one of cyclic type and 3 of elementary abelian type. For groups of order pq the
following holds. Suppose G has size pq for p > q two primes. If p 6≡ 1 mod q,
then L/K has exactly one Hopf-Galois structure. If G is cyclic of order pq with
p ≡ 1 mod q, then L/K admits exactly one Hopf-Galois structure of cyclic type and
2(q − 1) Hopf-Galois structures of nonabelian type, and finally, if G is nonabelian
of order pq with p ≡ 1 mod q, then L/K admits exactly 2 + 2p(q − 2) Hopf-Galois
structures of nonabelian type and p Hopf-Galois structures of cyclic type.
Carnahan and Childs [CC99] obtained results relating to Hopf-Galois structures
on Galois field extensions whose Galois group is the symmetric group Sn with n ≥ 5
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or the holomorph of a cyclic group of order pe. Byott [Byo04a] showed that if L/K
is a finite Galois extension of fields whose Galois group is a nonabelian simple group,
then L/K admits exactly two Hopf-Galois structures. Finally, recently, Alabadi and
Byott [AB18] studied Hopf-Galois structures on Galois field extensions whose Galois
group is cyclic of squarefree order.
In this document, we use some methods of Byott [Byo96, Byo04b] to study Hopf-
Galois structures on Galois field extensions of degree p3 for a prime number p. This
is achieved by studying the automorphism groups of groups of order p3, and then by
classifying all regular subgroups of the holomorph of these groups. We divide our
study into two cases according to p > 3 and p = 2, 3. We first solve our problem for
p > 3, since everything works uniformly in this case. Later, we adapt our methods
to study the problem for the case when p = 2, 3 separately. In passing we also
reproduce some of the contents of [Byo96, Byo07] relating to Hopf-Galois structures
on Galois field extensions of degree p2 and of degree 8. Subsequently, we turn our
attention to skew braces, and we relate our results on the classification of regular
subgroups of the holomorph of groups of order p3 to study skew braces of order p3.
In 1992 Drinfeld [Dri92] formulated a number of problems in quantum group
theory. In particular, he suggested considering set-theoretic solutions of the Yang-
Baxter equation. Later, Rump [Rum07a] introduced braces as a tool to study non-
degenerate involutive set-theoretic solutions, and through the works of Bachiller,
Cedo´, Jespers, and Oknin´ski [CJO14, BCJ16] the classification of these solutions
was reduced to that of braces. Skew braces, a later generalisation of braces were ini-
tially defined in Bachiller’s PhD thesis, he also noticed a connection between braces
and Hopf-Galois structures. However, a detailed account of study of skew braces
appeared in a paper by Guarnieri and Vendramin in [GV17], and their connection
to ring theory and Hopf-Galois structures was studied by Byott, Smoktunowicz, and
Vendramin in [SV17]. Skew braces are related to non-degenerate (not necessarily
involutive) set-theoretic solutions of the Yang-Baxter equation. A (left) skew brace
is a triple (B,⊕,) which consists of a set B together with two operations ⊕ and
 such that (B,⊕) and (B,) are groups (neither necessarily abelian), and the two
operations are related by the skew brace property :
a (b⊕ c) = (a b)	 a⊕ (a c) for every a, b, c ∈ B,
where 	a is the inverse of a with respect to the operation ⊕.
In this document we call a skew brace (B,⊕,) such that (B,⊕) ∼= N and
(B,) ∼= G a G-skew brace of type N ; also if ⊕ is abelian, we may call (B,⊕,) a
skew brace of abelian type. Now a skew brace of abelian type is precisely the one
that was initially defined by Rump, called a brace (aka a classical brace) – the name
‘brace’ is said to have been chosen to resemble an object which is more than a group
but does not satisfy all properties of a ring. It can be shown that for every skew brace
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(B,⊕,), the group (B,) can be embedded as a regular subgroup of Hol(B,⊕),
and every regular subgroup of Hol(B,⊕) gives rise to a skew brace; furthermore,
isomorphic skew braces correspond to regular subgroups which are conjugate by an
element of Aut(B,⊕).
The classification of skew braces has become one of the important topics of
research. To this end, there has been an extensive study of the structure of these
objects – cyclic braces were studied by Rump [Rum07b], and braces of order p3 were
classified by Bachiller [Bac15]. In this document, as a consequence of our results,
we first obtain the content of [Bac15] relating to the classification of braces of order
p3; we go further and produce the classification of skew braces of order p3. We
observe the patterns emerging from these results and give information relating to
the automorphism groups of some of these skew braces.
Classification of Hopf-Galois structures and skew braces are both related to clas-
sifying regular subgroups inside the holomorph of groups, and although it is easy
to write computer programs (say using Magma [BCP97]) to find regular subgroups
in the holomorph of a finite group with a fixed relatively small size, it appears
computationally rather difficult to do this for groups with a larger size. For exam-
ple, through a communication we had with Vendramin, we learnt that his script
for Magma software to find regular subgroups of the holomorph of the elementary
abelian group C3p never terminates even for a relatively small primes – see the end
part of [GV17] or [SV17] for a more complete survey of results and open problems.
This document consists of two parts which are organised as follows. Part I con-
tains introductory materials and preliminaries, and Part II contains the calculations
in order to prove our results. Part I has three chapters: In Chapter 1, we give an
overview of our investigations and a summary of our main results whose proofs are
in Part II. In Chapter 2, we review some preliminaries relating to Hopf-Galois struc-
tures, skew braces, and their relationship to regular subgroups of the holomorph of
groups, and in Chapter 3 we study automorphism groups of groups of order p3.
Part II has two chapters: In Chapter 4, we fix a prime number p > 3 and explic-
itly classify all regular subgroups contained in the holomorphs of groups of order p3.
Subsequently, we use this to find Hopf-Galois structures and skew braces of order
p3. In each of the first five sections of Chapter 4, we start with some information on
the holomorph and a summary of the main results of the section, as a proposition,
which gives the number of Hopf-Galois structures and skew braces of certain type.
Then we have two or three lemmas in which we classify the regular subgroups and
prove the proposition. In some sections we also provide some information about the
automorphism groups of some of the skew braces that we find. The final section
of Chapter 4 summarises the results of this chapter; in this section there is a list
of all skew braces of order p3 for p > 3; there is also a small discussion on the
patterns emerging from these results and a few research questions. In Chapter 5,
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we repeat some of our procedures in Chapter 4 and investigate the cases p = 2, 3,
here most of the procedures are the same as in the previous chapter, but there are
some differences which we will point out to.
In Chapters 4 and 5 we relate our findings to the classification of braces of
order p3, up to isomorphism, constructively. For the abelian groups, i.e., first three
sections of Chapter 4, our results match the classification obtained by Bachiller
[Bac15]. Further, for the first three section of Chapter 5 our results match the
classification of Bachiller [Bac15], but we appear to find two errors in [Bac15]). In
the nonabelian setting our findings yield new results in the direction of classification
of skew braces.
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1.2 Summary of main results
In this section we provide a summary of our main results. Note, for a prime number
p > 2, up to isomorphism, there are 5 different groups of order p3. Three of these
are abelian: the cyclic group, Cp3 , the exponent p
2 abelian group, Cp2 ×Cp, and the
elementary abelian group, C3p . The remaining two are nonabelian: the exponent p
nonabelian group, or otherwise known as the Heisenberg group of order p3,
M1
def
= 〈ρ, σ, τ | ρp = σp = τ p = 1, σρ = ρσ, τρ = ρτ, τσ = ρστ〉 ∼= C2p o Cp,
and the exponent p2 nonabelian group, or otherwise known as the Extraspecial group
of order p3,
M2
def
=
〈
σ, τ | σp2 = τ p = 1, τσ = σp+1τ
〉 ∼= Cp2 o Cp.
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For p = 2 the abelian groups of order 8 are the same as for p > 2, but for nonabelian
groups of order 8 we have the dihedral group
D8
def
=
〈
σ, τ | σ4 = τ 2 = 1, τσ = σ−1τ〉
and the quaternion group
Q8
def
=
〈
σ, τ | σ4 = 1, σ2 = τ 2, τσ = σ−1τ〉 .
For a Galois extension of fields L/K with Galois group G, we shall denote by e(G,N)
the number of Hopf-Galois structures on L/K of type N . For a group G we denote
by e˜(G,N) the number of G-skew braces of type N up to isomorphism. Our main
results are summarised below.
Theorem 1.2.1. Let L/K be a Galois extension of fields of degree p3 for a prime
p > 3 with Galois group G. Then the number of Hopf-Galois structures on L/K of
type N , e(G,N), is given by the table
e(G,N) Cp3 Cp2 × Cp C3p M1 M2
Cp3 p
2 - - - -
Cp2 × Cp - (2p− 1)p2 - - (2p− 1)(p− 1)p2
C3p - - (p
4 + p3 − 1)p2 (p3 − 1)(p2 + p− 1)p2 -
M1 - - (p
2 + p− 1)p2 (2p3 − 3p2 + 1)p2 -
M2 - (2p− 1)p2 - - (2p− 1)(p− 1)p2
Table 1.1: Number of Hopf-Galois structures of order p3 for p > 3
where rows correspond to G and columns to N .
In the table in Theorem 1.2.1, the result in the first row also follows as a conse-
quence of a more general work of Kohl [Koh98]. The other four rows are new results.
The proofs of the columns one up to five are contained in Chapter 4, Sections 4.1
- 4.5, respectively. The results corresponding to the classification of skew braces of
order p3 for p > 3 are as follows.
Theorem 1.2.2. Let G be a group of order p3 for a prime p > 3. Then the number
of G-skew braces of type N , e˜(G,N), is given by the table
e˜(G,N) Cp3 Cp2 × Cp C3p M1 M2
Cp3 3 - - - -
Cp2 × Cp - 9 - - 4p+ 1
C3p - - 5 2p+ 1 -
M1 - - 2p+ 1 2p
2 − p− 3 -
M2 - 4p+ 1 - - 4p
2 − 3p− 1
Table 1.2: Number of skew braces of order p3 for p > 3
where rows correspond to G and columns to N .
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In the table in Theorem 1.2.2, the result of the first column also follows as a
more general work by Rump [Rum07b], the second and third columns also follow
from a work by Bachiller, namely [Bac15, Theorem 3.2], we reprove these results
using different methods. The final two columns are new results in the classification
of skew braces of nonabelian type. The proofs of the results in columns one up to
five and the construction of the skew braces are contained in Chapter 4, Sections
4.1 - 4.5, respectively. For p = 2, 3 we have the following theorems, whose proofs
are contained in Chapter 5, Sections 5.2 - 5.8, respectively.
Theorem 1.2.3. Let L/K be a Galois extension of fields of degree 27 with Galois
group G. Then the number of Hopf-Galois structures on L/K of type N , e(G,N),
is given by the table
e(G,N) C27 C9 × C3 C33 M1 M2
C27 9 - - - -
C9 × C3 - 39 6 12 78
C33 - 624 339 1300 1248
M1 - 48 51 317 96
M2 - 39 6 12 78
Table 1.3: Number of Hopf-Galois structures of order 27
where rows correspond to G and columns to N .
The results corresponding to the classification of skew braces of order 27 are as
follows.
Theorem 1.2.4. Let G be a group of order 27. Then the number of G-skew braces
of type N , e˜(G,N), is given by the table
e˜(G,N) C27 C9 × C3 C33 M1 M2
C27 3 - - - -
C9 × C3 - 8 1 2 11
C33 - 1 4 5 2
M1 - 2 5 14 4
M2 - 11 2 4 22
Table 1.4: Number of skew braces of order 27
where rows correspond to G and columns to N .
In the table in Theorem 1.2.4, the first three columns also follow from the work
by Bachiller [Bac15, Theorem 3.2]. We notice two errors in [Bac15, Theorem 3.2,
2]: first one is in [Bac15, Theorem 3.2, 2, Socle of order p2] where for p = 3 the final
brace should be, using his notation, M(p) brace (or M1 brace) rather than M3(p)
brace (or M2 brace), and second one is in [Bac15, Theorem 3.2, 2, Socle of order p
3]
the brace should be, again using his notation, Z/(p) × Z/(p2) rather than M3(p).
The final two columns are new results in the classification of skew braces.
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Theorem 1.2.5. Let L/K be a Galois extension of fields of degree 8 with Galois
group G. Then the number of Hopf-Galois structures on L/K of type N , e(G,N),
is given by the table
e(G,N) C8 C4 × C2 C32 D8 Q8
C8 2 - - 2 2
C4 × C2 4 10 4 6 2
C32 - 42 8 42 14
D8 2 14 6 6 2
Q8 6 6 2 6 2
Table 1.5: Number of Hopf-Galois structures of order 8
where rows correspond to G and columns to N .
In the table in Theorem 1.2.5, the first row also follows from a work by Byott,
namely [Byo07, Theorem 5.1]. The other four rows are new. The results correspond-
ing to the classification of skew braces of order 8 are as follows.
Theorem 1.2.6. Let G be a group of order 8. Then the number of G-skew braces
of type N , e˜(G,N), is given by the table
e˜(G,N) C8 C4 × C2 C32 D8 Q8
C8 2 - - 2 2
C4 × C2 1 6 3 3 1
C32 - 2 2 1 1
D8 1 5 2 4 2
Q8 1 1 1 2 2
Table 1.6: Number of skew braces of order 8
where rows correspond to G and columns to N .
Vendramin communicated to us that he is also able to obtained the results for
p = 2, 3 by his Magma script, but here we give a explicit description of the above
objects.
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We have also produced a few tables summarising the number Hopf-Galois struc-
tures and braces of degree p2.
p > 2 e(G,N) Cp2 C
2
p p = 2 e(G,N) C4 C
2
2
Cp2 p - C4 1 1
C2p - p
2 C22 1 3
Table 1.7: Number of Hopf-Galois structures of order p2
p > 2 e˜(G,N) Cp2 C
2
p p = 2 e˜(G,N) C4 C
2
2
Cp2 2 - C4 1 1
C2p - 2 C
2
2 1 1
Table 1.8: Number of braces of order p2
where rows correspond to G and columns correspond to N of the e(G,N), respec-
tively e˜(G,N).

Chapter 2
Preliminaries I: Hopf-Galois
structures and skew braces
The aim of this chapter is to provide relevant background information on Hopf-Galois
structures and skew braces, together with an overview of the general approach we
have taken in order to carry out our investigations. Now since both Hopf-Galois
structures and skew braces are related to regular subgroups of the holomorphs of
groups, we first review some information on the holomorph of a group, regular sub-
groups, and a procedure for finding regular subgroups contained in the holomorph,
in Section 2.1. Then in Section 2.2, we provide background information about Hopf-
Galois structure, and in Section 2.3, we give some information about skew braces.
Finally, in Section 2.4, we discuss the interaction and explicit connection between
the number of Hopf-Galois structures and skew braces.
2.1 Holomorph of a group and regular subgroups
For a finite group N , we denote by Aut(N) the set of all automorphisms of the group
N , which is a group under composition of maps. For an automorphism α ∈ Aut(N)
and an element σ ∈ N , we denote by σα def= α(σ) the image of σ under α. In this
notation we have
(σα)β = β(σα) = β(α(σ)) = βα(σ) = σβα for all α, β ∈ Aut(N) and σ ∈ N.
We define the holomorph of N as
Hol(N)
def
= N o Aut(N) = {[η, α] | η ∈ N, α ∈ Aut(N)} ,
where multiplication is given by
[η1, α1][η2, α2]
def
= [η1η
α1
2 , α1α2] for [η1, α1], [η2, α2] ∈ Hol(N).
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The action of Hol(N) on N is given by sending [η, α] ∈ Hol(N) and σ ∈ N to
[η, α] · σ def= ησα ∈ N.
In some cases we may simplify our notations and write ηα to denote the element
[η, α] ∈ Hol(N) and identify N with its image inside Hol(N), i.e., write η for the
element [η, id] ∈ Hol(N), which helps us avoid too many brackets and commas. In
the alternative notation for ηα ∈ Hol(N) and σ ∈ N , we shall write
(ηα)σ
def
= [ησα, α] ∈ Hol(N) and (ηα) · σ def= ησα ∈ N.
This simplified notation is also the one adopted in [Chi00] and [Byo04b].
We remark that according to [Chi00, p. 56, (7.1) Definition] one can alternatively
define the holomorph of a group N as the normaliser of the image of N , as left
translations, inside the permutation group Perm(N) of N . Finally, we recall that a
subgroup H ⊆ Perm(N) is called regular if the map
H ×N −→ N ×N given by (f, σ) 7−→ (f(σ), σ)
is a bijection – see [Chi00, p. 48, (6.2) Definition] for equivalent definitions.
2.1.1 Regular subgroups contained in the holomorph
Here for a finite group N , we outline our strategy for finding regular subgroup
contained in Hol(N). Let us denote by Θ the natural projection
Θ : Hol(N) −→ Aut(N) given by ηα 7−→ α.
Then one may organise the regular subgroups of Hol(N) according to the size of
their image under the map Θ.
In finding the regular subgroups H ⊆ Hol(N) with |Θ(H)| = m, where m divides
|N |, we work as follows. We take a subgroup of order m of Aut(N), which may be
generated by α1, ..., αs ∈ Aut(N), say
H2
def
= 〈α1, ..., αs〉 ⊆ Aut(N).
We take a subgroup of order |N |
m
of N , which may be generated by η1, ..., ηr ∈ N ,
say
H1
def
= 〈η1, ..., ηr〉 ⊆ N.
We take general elements v1, ..., vs ∈ N . Then we consider a subgroup of Hol(N) of
the form
H = 〈η1, ..., ηr, v1α1, ..., vsαs〉 .
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Now we search for v1, ..., vs such that H is regular, i.e., H has the same size as N
and acts freely on N .
For H to have the same size as N , it is necessary that vi, for each i = 1, ..., s,
satisfy
(viαi)ηj(viαi)
−1 =
(
viη
αi
j αi
) ((
v−1i
)α−1i α−1i ) = viηαij v−1i ∈ H1 for all i, j,
or equivalently to satisfy
((viαi)ηj) (ηjviαi)
−1 =
(
viη
αi
j αi
) ((
v−1i
)α−1i α−1i ) η−1j = viηαij v−1i η−1j ∈ H1 for all i, j,
which also implies that H1 is a normal subgroup of H. More generally, for H to
have the same size as N , we require for every relation R (α1, ..., αs) = 1 on H2 to
have
R (u1(v1α1)w1, ..., us(vsαs)ws) ∈ H1,
for every u1, w1, ..., us, ws ∈ H1.
Furthermore, for H to act freely on N , it is necessary that vi /∈ H1 for all i.
More generally, for every word W (α1, ..., αs) 6= 1 on H2 we require
W (u1 (v1α1)w1, ..., us(vsαs)ws)W (α1, ..., αs)
−1 /∈ H1,
for every u1, w1, ..., us, ws ∈ H1; so in fact we must have
〈η1, ..., ηr, v1, ..., vs〉 = N.
However, in general there may be other conditions on vi that need to be taken
into account – for example, some elements of H need to satisfy relations between
generators of a group of order |N |. Therefore, it can happen that desirable vi cannot
be found. To find all regular subgroups we repeat this process for every m, every
subgroup of order m of Aut(N), and every subgroup of order |N |
m
of N .
Finally, we remark if H and H˜ are regular subgroups of Hol(N) with |Θ(H)| =
|Θ(H˜)| = m, then H and H˜ are conjugate by an element of β ∈ Aut(N) if
β(H1) ⊆ H˜1 and βH2β−1 ⊆ H˜2,
i.e., when H = 〈η1, ..., ηr, v1α1, ..., vsαs〉, we need〈
ηβ1 , ..., η
β
r , v
β
1βα1β
−1, ..., vβs βαsβ
−1
〉
⊆ H˜.
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2.2 Hopf-Galois structures
In this section we review some background information relating to Hopf-Galois struc-
tures and discuss their relationship to regular subgroups. Our main references are
the articles by Byott [Byo96, Byo04b, Byo07] and the book by Childs [Chi00]. In
this section we fix R to be a commutative ring with a unit. Then an R-algebra A
is defined to be a ring with a unit together with a ring homomorphism ι : R −→ A
such that the image of R is contained in the centre of A. Our starting point is the
notions of R-coalgebra and R-bialgebra.
Definition 2.2.1 (R-coalgebra). An R-coalgebra is an R-module H with multipli-
cation map µ : R⊗R H −→ H and R-module homomorphisms
∆ : H −→ H ⊗R H (comultiplication)
ε : H −→ R (counit),
where H ⊗R H has component-wise multiplication, such that
i) the map ∆ is coassociative, i.e., (∆⊗ 1)∆ = (1⊗∆)∆ and
ii) the counitary property holds, i.e.,
µ(1⊗ ε)∆(h) = h and µ(ε⊗ 1)∆(h) = h for all h ∈ H.
Definition 2.2.2 (R-bialgebra). An R-bialgebra is an R-algebra which is also an
R-coalgebra, i.e., an R-bialgebra is an R-algebra H with multiplication map µ :
H⊗RH −→ H and unit map ι : R −→ H, together with R-module homomorphisms
∆ : H −→ H ⊗R H, comultiplication map, and ε : H −→ R, counit map, which are
R-algebra homomorphisms such that the map ∆ is coassociative and the counitary
property holds.
Let H be an R-bialgebra and define τ : H ⊗R H −→ H ⊗R H to be the switch
map, τ(h1 ⊗ h2) = h2 ⊗ h1. Then an R-Hopf algebra is defined as follows.
Definition 2.2.3 (R-Hopf algebra). An R-bialgebra H is an R-Hopf algebra if there
is an R-module homomorphism
λ : H −→ H (antipode)
which is both an R-algebra and an R-coalgebra antihomomorphism, i.e.,
λ(hh′) = λ(h′)λ(h) and
∆λ(h) = (λ⊗ λ)τ∆(h) for all h ∈ H,
and satisfies the antipode property : µ(1⊗ λ)∆ = ιε and µ(λ⊗ 1)∆ = ιε.
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An R-Hopf algebra H is called cocommutative if τ∆ = ∆ and commutative if H
is commutative as an algebra, i.e., µτ = µ. The R-Hopf algebra H is called abelian
if it is both cocommutative and commutative.
Example 2.2.4 (Group algebras). The classical example of an R-Hopf algebra is
R[G], the group ring of a finite group G. In this case since ∆, ε, and λ are required
to be R-linear homomorphisms, they are uniquely determined by their values on
elements of G and given by
∆(σ) = σ ⊗ σ,
ε(σ) = 1, and
λ(σ) = σ−1 for σ ∈ G.
Here the R-Hopf algebra R[G] is cocommutative.
Now let H be an R-Hopf algebra which is a finitely generated and projective R-
module. Such an algebra is called a finite R-algebra. Further, let S be an R-algebra
which is an H-module. Then S is called an H-module algebra if
h(st) =
∑
(h)
h(1)(s)h(2)(t) and h(1) = ε(h)1 for all h ∈ H s, t ∈ S.
Now we can define the notion of an H-Galois extension.
Definition 2.2.5 (H-Galois extension). Let us suppose in addition to above that
H is also cocommutative. Then a finite commutative R-algebra S is an H-Galois
extension over R if S is a left H-module algebra and the R-module homomorphism
j : S ⊗R H −→ EndR(S) given by j(s⊗ h)(t) = sh(t) for s, t ∈ S, h ∈ H
is an isomorphism.
Having briefly reviewed relevant definitions, we next provide some information on
Greither-Pareigis theory, which is concerned with the classification of Hopf-Galois
structures. Let L/K be a finite separable extension of fields.
Definition 2.2.6 (Hopf-Galois structure on L/K). A Hopf-Galois structure on L/K
is a K-Hopf algebra H, with an action on L, so that L is an H-module algebra, and
such that the action makes L into a H-Galois extension.
Now let E be the normal closure of L/K and G
def
= Gal(E/K). Denote by
G′ def= Gal(E/L) and set X def= G/G′. Note that since E is the normal closure
of L/K, the left translation action of G on X is faithful, i.e., the homomorphism
λ : G −→ Perm(X) induced by this action is injective – here Perm(X) is the group
of all permutations of the set X. Now the following is [Chi00, p. 52, (6.8) Theorem]
which is originally due to Greither and Pareigis [GP87].
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Theorem 2.2.7 (Hopf-Galois structures and regular subgroups). There is a bijec-
tion between regular subgroups N ⊆ Perm(X) normalised by λ(G) and Hopf-Galois
structures on L/K.
In the proof of the Theorem 2.2.7, it is shown that every Hopf-Galois structure
on L/K corresponds to L[N ]G for some regular N ⊆ Perm(X) which is normalised
by λ(G) – here the action of G on L[N ] is induced by the action of G on N by
conjugation inside Perm(G) and on L by field automorphisms. This group N is
known as the type of the Hopf-Galois structures, and we shall call the cardinality
of N , which is the same as the degree of the extension L/K, as the order of the
Hopf-Galois structure. According to [Chi00, p. 56], one difficulty with the Greither-
Pareigis theory is that it requires the classification of regular subgroups contained
in Perm(X) which are normalised by G, and the number of these subgroups rapidly
increases as with the size of X. This is where the Byott’s translation idea is intro-
duced, which reverses the relationship between G and N and reduces this complexity
to some extent. Hence Byott [Byo96] proves the following statement – here Childs
reformulation [cf. Chi00, p. 57, (7.3) Theorem (Byott)] is given.
Theorem 2.2.8. Let N be a group. Then there is a bijection between the sets
N def= {α : N ↪→ Perm(X) | α(N) is regular} and
G def= {β : G ↪→ Perm(N) | β(G′) is the stabiliser of the identity of N} .
Under this bijection, if α, α′ ∈ N correspond to β, β′ ∈ G, then α(N) = α′(N) if
and only if β(G) and β′(G) are conjugate by an element of Aut(N). Furthermore,
α(N) is normalised by λ(G) if and only if β(G) is contained in Hol(N).
In fact Byott [Byo96] finds that if one lets a(N,G,G′) to be the number of Hopf-
Galois structures of type N on L/K and b(N,G,G′) to be the number subgroups G∗
of Hol(N) such that there is an isomorphism θ : G −→ G∗ with θ(G′) = G∗∩Aut(N),
then one has
a(N,G,G′) =
|Aut(G,G′)|
|Aut(N)| b(N,G,G
′),
where Aut(G,G′) denotes the set of automorphisms of G which map G′ to itself.
In the case when L/K is Galois, with Galois group G, following the notation of
[Byo04b], we can use a refined version of the above formula, in order to count the
Hopf-Galois structures, as follows. Recall, the map Θ
Θ : Hol(N) −→ Aut(N) given by ηα 7−→ α.
Let e′(G,N,m) to be the number of regular subgroups of Hol(N) isomorphic to G
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whose image under Θ has size m. Then we define e(G,N,m) as
e(G,N,m)
def
=
|Aut(G)|
|Aut(N)|e
′(G,N,m). (2.1)
Further we set e(G,N) to be the number of Hopf-Galois structures of type N on
the field extension L/K whose Galois group is G. Then we find
e(G,N)
def
=
∑
m
e(G,N,m),
where the sum is taken over all divisors of |G|.
2.3 Skew braces
In this section we review some information relating to skew braces, and we discuss
their relationship to regular subgroups. We remark that our main reference for some
of the materials here is the article by Smoktunowicz and Vendramin [GV17]. Braces
were introduced by Rump [Rum07a] as part of his study of the non-degenerate in-
volutive set-theoretic solutions of the Yang-Baxter equation. Rump showed that
every involutive non-degenerate solution of the Yang-Baxter equation can be in a
good way embedded in a brace, and that on the other hand every brace gives a
solution of the quantum Yang-Baxter equation. Later, the classification of non-
degenerate involutive set-theoretic solutions of the Yang-Baxter equation was re-
duced to the classification of braces by Bachiller, Cedo´, Jespers, and Oknin´ski in
[CJO14, BCJ16]. Skew braces, which initially appeared in D. Bachiller PhD the-
sis, were recently studied extensively by Guarnieri, Smoktunowicz, and Vendramin
(also Byott) [GV17, SV17]. Skew braces are concerned with non-degenerate (not
necessarily involutive) set-theoretic solutions of the Yang-Baxter equation and have
application in theoretical physics.
A set-theoretic solution of the Yang-Baxter equation is a pair (X, r), where X is
a nonempty set and r is a bijective map
r : X ×X −→ X ×X with (x, y) 7−→ (σx(y), τy(x))
such that (r × id)(id × r)(r × id) = (id × r)(r × id)(id × r). The map r is called a
braiding map. A solution (X, r) is called non-degenerate if the maps σx and τx are
bijections for every x ∈ X. The solution (X, r) is called involutive if r2 = idX×X .
Definition 2.3.1 (Skew brace). A (left) skew brace is a set B with two operations
⊕ and  such that (B,⊕) and (B,) are groups (neither necessarily abelian), and
the two operations are related by the skew brace property :
a (b⊕ c) = (a b)	 a⊕ (a c) for every a, b, c ∈ B,
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where 	a is the inverse of a with respect to the operation ⊕.
We shall denote a skew brace by (B,⊕,) or sometimes simply by B. We refer
to (B,⊕) as the additive group and (B,) as the multiplicative group of the skew
brace B. Further, we call B a skew brace of abelian type, or simply a brace, if (B,⊕)
is abelian. More generally, we shall call a skew brace (B,⊕,) with (B,) ∼= G
and (B,⊕) ∼= N a G-skew brace of type N (or simply a G-brace of type N). For
any group (B,), a brace type on B is an operation ⊕ on B making (B,⊕,) a
skew brace; also for a group (B,⊕) a brace structure on B is an operation  on B
making (B,⊕,) a skew brace.
Remark 2.3.2 (Simpler terminology). Note after calling a skew brace (B,⊕,) such
that (B,⊕) ∼= N and (B,) ∼= G a G-skew brace of type N , the word ’skew’ becomes
redundant; for example, as mentioned above, if ⊕ is abelian, we may call (B,⊕,)
a brace of abelian type. Now a brace of abelian type would be the one that was
initially defined in [Rum07a] as a brace, and a brace of nonabelian type would be
the generalisation in [GV17], so with this terminology one can simply refer to a skew
brace as a ‘certain brace’ of ‘certain type’, and the type of the brace makes clear if
this is a skew brace or a classical brace, suggesting that the word ’skew’ can safely
be dropped. However, to avoid any possible confusion, we have tried to use the skew
brace terminology as already established in [GV17] throughout the document.
Note, a morphism, or a map, between two skew braces
ϕ : (B1,⊕1,1) −→ (B2,⊕2,2)
is a map of sets ϕ : B1 −→ B2 such that the maps
ϕ : (B1,⊕1) −→ (B2,⊕2) and ϕ : (B1,1) −→ (B2,2)
are group homomorphisms. Therefore, one has
HomBr ((B1,⊕1,1), (B2,⊕2,2)) ↪→ HomGr ((B1,⊕1), (B2,⊕2)) ,
HomBr ((B1,⊕1,1), (B2,⊕2,2)) ↪→ HomGr ((B1,1), (B2,2)) ,
where HomBr(−,−) denote the set of skew brace homomorphisms between two skew
braces and HomGr(−,−) denotes the set of group homomorphisms between two
groups. In other words, the two forgetful functors from the category of skew braces
to the categories of groups, which forget the skew brace and remember the brace
structure or the brace type, are faithful.
For a skew brace B, an element a ∈ B, and an integer n, we shall write
na
def
= a⊕ · · · ⊕ a︸ ︷︷ ︸
n-times
, an
def
= a a · · ·  a︸ ︷︷ ︸
n-times
,
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also we denote by 0 the identity for (B,⊕) and by 1 the identity for (B,). Finally,
we write 	a for the inverse of a with respect of ⊕ and a−1 for the inverse of a
with respect of . We investigate a few properties of skew braces, whose equivalent
versions may also be found in [GV17, p. 4-5].
Lemma 2.3.3. Suppose (B,⊕,) is a skew brace, a, b ∈ B, and let n be an integer.
Then the following holds.
i) We have 0 = 1.
ii) We have a (	b) = a	 (a b)⊕ a.
iii) We have a (nb) = n(	a⊕ (a b)).
Proof. i) By definition we have
a (b⊕ c) = (a b)	 a⊕ (a c) for every a, b, c ∈ B;
thus for any a ∈ B we have
a 0 = a (0⊕ 0) = (a 0)	 a⊕ (a 0),
which implies that by applying 	 (a 0) to both sides we get
0 = 	a⊕ (a 0).
Now applying a⊕ to both sides we get a = a 0, and applying a−1, we get
a−1  a = a−1  a 0,
so 1 = 0.
ii) By i) for any a, b ∈ B we have
a = a 0 = a (b	 b) = (a b)	 a⊕ (a (	b))
applying ((a b)	 a) = a	 (a b) to both side we get
a	 (a b)⊕ a = a (	b).
iii) For a, b ∈ B and an integer n we have
a (nb) = a (a⊕ · · · ⊕ a︸ ︷︷ ︸
n-times
) = (a ((n− 1)b))	 a⊕ (a b),
so by induction a (nb) = n(	a⊕ (a b)).
2.3 Skew braces 25
Lemma 2.3.4. Suppose (B,⊕,) is a skew brace, and for a ∈ B define a map
λa : B −→ B given by λa(b) def= 	a⊕ (a b).
Then the followings hold.
i) We have λa ∈ Aut(B,⊕) for all a ∈ B.
ii) The map λ : (B,) −→ Aut(B,⊕) given by a 7−→ λa is a group homomorphism.
iii) Let ma : B −→ B be given by ma(b) def= a b. Then the map
m : (B,) −→ Hol(B,⊕) given by a 7−→ ma
is a well-defined injective homomorphism, and the image of m is a regular sub-
group of Hol(B,⊕).
Proof. i) Note by Lemma 2.3.3, i) we have 0 = 1, so
λa(0) = 	a⊕ (a 0) = 0,
also for b, c ∈ B we have
λa(b⊕ c) = 	a⊕ (a (b⊕ c)) = 	a⊕ ((a b)	 a⊕ (a c))
= λa(b)⊕ λa(c),
which show λa is an endomorphism. Now if 	a ⊕ (a  b) = 0, then we have
a b = a and so b = 1 = 0, which shows λa is injective. Further, for any given
y ∈ B, let b = a−1  (a⊕ y). Then
λa(b) = 	a⊕ (a a−1  (a⊕ y)) = y
which shows that λa is surjective, and so λa is an automorphism.
ii) Let a, b ∈ B. Then by Lemma 2.3.3, ii) we have
	a⊕ (a (	b))	 a = 	(a b),
thus for any c ∈ B we find
λab(c) = 	 (a b)⊕ ((a b) c) = (	a⊕ (a (	b))	 a)⊕ (a (b c))
= 	a⊕ (a (	b))	 a⊕ (a (b c)) = 	a⊕ (a (	b⊕ (b c)))
= λaλb(c).
2.3 Skew braces 26
iii) It follows by definition that
ma(b) = a⊕ λa(b) for all b ∈ B,
so ma = aλa is an element of the Hol(B,⊕) since λa ∈ Aut(B,⊕) by i). Now
consider the map
m : (B,) −→ Hol(B,⊕) given by a 7−→ ma.
For a1, a2 ∈ B we have
ma1 = a1λa1 and ma2 = a2λa2 ∈ Hol(B,⊕).
Now ma1a2(b) = a1  a2  b for all b ∈ B and
ma1ma2 = (a1λa1)(a2λa2)
= (a1 ⊕ aλa12 )λa1λa2 = (a1  a2)λa1a2 = ma1a2 for all a1, a2 ∈ B.
It is also clear that the map m is injective and its image is a regular subgroup.
The following proposition shows how skew braces and regular subgroups are
related which is also in [SV17, Proposition A.3].
Proposition 2.3.5. There exists a bijective correspondence between isomorphism
classes of skew braces with additive group isomorphic to (B,⊕) and classes of regular
subgroups of Hol(B,⊕) under conjugation by elements of Aut(B,⊕).
Proof. Lemma 2.3.4 shows that every skew brace (B,⊕,) corresponds to a regular
subgroup of Hol(B,⊕) by the embedding map
m : (B,) −→ Hol(B,⊕) given by a 7−→ ma.
Now suppose
f : (B,⊕,1) −→ (B,⊕,2)
is an isomorphism of skew braces. Then we must have f ∈ Aut(B,⊕). Let
Cf : Hol(B,⊕) −→ Hol(B,⊕) given by Cf (ηα) = ηffαf−1,
which is an inner automorphism of Hol(B,⊕) whose inverse is Cf−1 . Then the
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following diagram is commutative
(B,1) Hol(B,⊕)
(B,2) Hol(B,⊕),
m1
f Cf
m2
which show that images of m1 and m2 are conjugate in Hol(B,⊕).
Therefore, it remains to show that a regular subgroup of Hol(B,⊕) corresponds
to a skew brace. Let us fix a regular subgroup G ⊆ Hol(B,⊕). Then G has an
operation inherited from the group structure of Hol(B,⊕), we take this to be the 
operation on G, if G is to be a skew brace. Since G is regular, the map
G× (B,⊕) −→ (B,⊕)× (B,⊕) given by (ηα, b) 7−→ (η ⊕ bα, b)
is a bijection, so for every b ∈ B we can have a bijection
εb : G −→ (B,⊕) given by ηα 7−→ η ⊕ α(b);
thus we can define a second operation on G by pulling back the operation of (B,⊕)
on G, through ε
def
= ε1, so we let
g1 ⊕ g2 def= ε−1(ε(g1)⊕ ε(g2)) for g1, g2 ∈ G.
Thus, if g1 = η1α1, g2 = η2α2, and g3 = η3α3, then
g1 ⊕ g2 = ε−1(η1 ⊕ η2) = (η1 ⊕ η2)β12 for some β12 ∈ Aut(B,⊕), whereas
g1  g2 = (η1 ⊕ ηα12 )α1α2 and g1  g3 = (η1 ⊕ ηα13 )α1α3.
Now since for some β ∈ Aut(B,⊕)
ε−1(η2 ⊕ η3) = (η2 ⊕ η3)β ∈ G,
we have
η1α1  ((η2α2)⊕ (η3α3)) = η1α1  (ε−1(η2 ⊕ η3)) = η1α1  ((η2 ⊕ η3)β)
= (η1 ⊕ (η2 ⊕ η3)α1)α1β = ε−1(η1 ⊕ (η2 ⊕ η3)α1) and
((η1 ⊕ ηα12 )α2)	 (η1α1)⊕ ((η1 ⊕ ηα13 )α3) = ε−1(η1 ⊕ (η2 ⊕ η3)α1),
and so we see that (G,⊕,) is a skew brace. Similarly, one checks that if G1 and
G2 are regular subgroups which are conjugate by an element of ϕ ∈ Aut(B,⊕),
then the skew braces corresponding to G1 and G2 are isomorphic, which proves the
proposition.
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Finally, the theorem below [cf. GV17, Theorem 3.1] shows the relationship be-
tween skew braces and the solutions to the Yang-Baxter equation.
Theorem 2.3.6. Let (B,⊕,) be a skew brace. Then the map
rB : B ×B −→ B ×B given by (a, b) 7−→
(
λa(b), λ
−1
λa(b)
(	(a b)⊕ a⊕ (a b))
)
is a non-degenerate set-theoretic solution of the Yang-Baxter equation. Furthermore,
rB is involutive if and only if (B,⊕) is an abelian group.
2.3.1 Morphisms between skew braces
In this subsection we briefly study morphisms between skew braces and the auto-
morphism group of skew braces. Recall, by Proposition 2.3.5, we can think of a
skew brace of type N as a regular subgroup G ⊆ Hol(N) where the -operation is
inherited from Hol(N) and the ⊕-operation on G is given by
g1 ⊕ g2 def= ε−1(ε(g1)ε(g2)) for all g1, g2 ∈ G,
where ε : G −→ N is the evaluation by 1 map (which is the restriction of the
natural set-theoretic projection map from ε : Hol(N) −→ N). Now for any subgroup
G ⊆ Hol(N), and identifying AutGr(N) as a subgroup of Hol(N), we define
Stab(G)
def
=
{
β ∈ AutGr(N) | βGβ−1 ⊆ G
}
.
Note, Stab(G) ⊆ AutGr(N) and Stab(G) ↪→ AutGr(G).
Now, we note that if (B,⊕,) is a G-skew brace of type N , and
f : (B,⊕,) −→ (B,⊕,)
is an automorphism of skew braces, then we must have f ∈ Aut(B,⊕) such that the
diagram
(B,) Hol(B,⊕)
(B,) Hol(B,⊕).
m
f Cf
m
is commutative, where Cf is conjugating by f in Hol(B,⊕) and ma(b) = a  b for
a, b ∈ B is the map defined in Lemma 2.3.4, iii). It can be seen that AutBr(G) ∼=
Stab(G). We shall discuss this in more detail.
Lemma 2.3.7. Let N1 and N2 be groups. Let G ⊆ Hol(N1) and H ⊆ Hol(N2) be
regular subgroups, and suppose that we are given a map f ∈ HomGr(G,H). Then we
have f ∈ HomBr(G,H) if and only if ε2fε−11 ∈ HomGr(N1, N2), where ε1 : G −→ N1
and ε2 : H −→ N2 are evaluation on the identities of N1 and N2 maps, respectively.
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Proof. First suppose f ∈ HomBr(G,H). Then we must have
f(g1 ⊕ g2) = f(g1)⊕ f(g2) for all g1, g2 ∈ G,
which means
f(ε−11 (ε1(g1)ε1(g2))) = ε
−1
2 (ε2(f(g1))ε2(f(g2))) for all g1, g2 ∈ G.
Now let n1 = ε1(g1) and n2 = ε1(g2) – note since ε1, ε2 are bijections, every element
of N1 can be written in this form. Then
ε2fε
−1
1 (n1n2) = ε2fε
−1
1 (ε1(g1)ε1(g2)) = ε2ε
−1
2 (ε2(f(g1))ε2(f(g2)))
= ε2(f(g1))ε2(f(g2)) = ε2(f(ε
−1
1 (n1)))ε2(f(ε
−1
1 (n2))
= ε2fε
−1
1 (n1)ε2fε
−1
1 (n2),
so ε2fε
−1
1 is a homomorphism.
Conversely, suppose ε2fε
−1
1 = f˜ ∈ HomGr(N1, N2), so fε−11 = ε−12 f˜ . Then
f(g1 ⊕ g2) = f(ε−11 (ε1(g1)ε1(g2))) = ε−12 (f˜(ε1(g1)ε1(g2)))
= ε−12 (f˜(ε1(g1))f˜(ε1(g2))) = ε
−1
2 (ε2f(g1)ε2f(g2))
= f(g1)⊕ f(g2) for all g1, g2 ∈ G.
so f is a morphism of skew braces.
Let G ⊆ Hol(N) be a regular subgroup. Then we have embeddings
AutBr(G) ↪→ AutGr(N) and AutBr(G) ↪→ AutGr(G).
Also recall that by Subsection 2.1.1 the group G has a presentation
G = 〈η1, ..., ηr, v1α1, ..., vsαs〉 ⊆ Hol(N),
where we set H1
def
= G ∩N = 〈η1, ..., ηr〉 and H2 def= Θ(H) = 〈α1, ..., αs〉.
Theorem 2.3.8. Let G ⊆ Hol(N) be a regular subgroup. Then we have a natural
isomorphism
AutBr(G)−˜→Stab(G).
In particular, we have
AutBr(G) ⊆ Stab(H1) ∩ Stab(H2),
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where
Stab(H1)
def
= {β ∈ AutGr(N) | β(H1) = H1} ,
Stab(H2)
def
=
{
β ∈ AutGr(N) | βH2β−1 = H2
}
.
Proof. Clearly the map Cβ, conjugation by β ∈ Stab(G) on Hol(N), restricts to an
automorphism on the group G, also note that we have
εCβε
−1 (N) = εCβε−1(〈η1, ..., ηr, v1, ..., vs〉) =
〈
ηβ1 , ..., η
β
r , v
β
1 , ..., v
β
s
〉
,
so εCβε
−1 = β ∈ AutGr(N), thus by Lemma 2.3.7, we have Cβ ∈ AutBr(G). This
gives a homomorphism
Stab(G) −→ AutBr(G),
which is injective since for any f ∈ AutGr(G) we have εfε−1 = id if and only if
f = id. Conversely, let f ∈ AutBr(G). Then by Lemma 2.3.7, we have εfε−1 = β ∈
AutGr(N), and so f = ε−1βε; in fact, by Proposition 2.3.5, we have that f is given
by conjugation by β, which shows that the map above is surjective.
The second statement follows since for β ∈ AutBr(G) we need〈
ηβ1 , ..., η
β
r , v
β
1βα1β
−1, ..., vβs βαsβ
−1
〉
⊆ 〈η1, ..., ηr, v1α1, ..., vsαs〉 ,
and so we must have β(H1) ⊆ H1 and βH2β−1 ⊆ H2.
2.4 From Hopf-Galois structures to skew braces
In this section we discuss the explicit relationship between Hopf-Galois structures
and skew braces and explain how we find our non-isomorphic skew braces. First
we recall from Section 2.2, Theorem 2.2.7, that if L/K is a Galois extension of
fields with Galois group G, and H is a K-Hopf algebra giving L/K a Hopf-Galois
structure, then we must have H = L[N ]G for some N ⊆ Perm(G) which is a regular
subgroup normalised by the image of G as left translations inside Perm(G). Let us
find a skew brace which corresponds to H. The fact that N is a regular subgroup
implies that we have a bijection φ : N −→ G given by n 7−→ n · 1G. Now we can
define a skew brace BH , corresponding to H, by setting (BH ,⊕) = N and defining
n1  n2 = φ−1 (φ(n1)φ(n2)) for n1, n2 ∈ N.
The fact that N ⊆ Perm(G) is normalised by G implies that for all g ∈ G and n ∈ N
we have gn = fg,ng for some fg,n ∈ N . Note, we have identified G with its image
as left translations inside Perm(G). In particular, we can find fφ(n1),n2 ∈ N so that
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φ(n1)n2 = fφ(n1),n2φ(n1) for any n1, n2 ∈ N . Therefore, for n1, n2, n3 ∈ N , we have
(n1  n2)	 n1 ⊕ (n1  n3) = φ−1 (φ(n1)φ(n2))n−11 φ−1 (φ(n1)φ(n3))
= φ−1φ
(
fφ(n1),n2n1
)
n−11 φ
−1φ
(
fφ(n1),n3n1
)
= fφ(n1),n2fφ(n1),n3n1 = fφ(n1),n2n3n1
= φ−1
(
fφ(n1),n2n3 (φ(n1))
)
= φ−1 (φ(n1)φ(n2n3)) = n1  (n2 ⊕ n3) ;
thus we have a skew brace (BH ,⊕,) which is a G-skew brace of type N corre-
sponding to the Hopf-Galois structure arising from H.
Conversely, let (B,⊕,) be a G-skew brace of type N . Then we find an injective
homomorphism d : (B,⊕) −→ Perm(B,) induced by the regular action of (B,⊕)
on (B,) given by (a, b) 7−→ a⊕ b where a ∈ (B,⊕) and b ∈ (B,). Now, for any
a ∈ (B,⊕) and b, c ∈ (B,), using the skew brace property, we have
b (da (b−1  c)) = b (a⊕ (b−1  c)) = ((b a)	 b)⊕ c = d(ba)	b(c).
This shows that the image of (B,⊕) is normalised by the image of (B,) inside
Perm((B,)) as left translations. We also find an action of (B,) on (B,⊕) by
b · a = (b a)	 b for b ∈ (B,) and a ∈ (B,⊕). Now, if we fix a Galois extension
of fields L/K with Galois group (B,), then L[(B,⊕)](B,) endows L/K with a
Hopf-Galois structure corresponding to the skew brace (B,⊕,).
Let us now discuss how we find the non-isomorphism skew braces. We shall
denote by BNG (m) for the isomorphism class of a G-skew brace of type N given by
(B,⊕,), whose size after embedding in Hol(B,⊕) and projecting to Aut(B,⊕) is
m. We further let e˜(G,N,m) to be the number of isomorphism classes of G-skew
braces of type N given by (B,⊕,) whose size after embedding in Hol(B,⊕) and
projecting to Aut(B,⊕) is m. We set
e˜(G,N)
def
=
∑
m
e˜(G,N,m) =
∑
m
∑
BNG (m)
1,
which is the number of isomorphism classes of G-skew braces of type N . Further
we denote by
SNG (m)
def
= {H ⊆ Hol(N) | H is regular, |Θ(H)| = m, H ∼= G }.
Then conjugation by elements of Aut(N) on Hol(N) induces an action of Aut(N)
on SNG (m); thus, S
N
G (m) is a disjoint union of orbits; consequently, according to
Proposition 2.3.5, the number of distinct orbits is precisely the number of non-
isomorphic G-skew braces of type N whose size after embedding in Hol(N) and
projecting to Aut(N) is m.
Therefore, in order to find the set of non-isomorphic G-skew braces of type N ,
it suffices to find the set of regular subgroups of Hol(N) which are isomorphic to
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G, and then extract a maximal subset whose elements are not conjugate by any
element of Aut(N). Recall, in Section 2.2, we denoted by e(G,N) the number of
Hopf-Galois structures of type N on the field extension L/K whose Galois group is
G, and we had
e(G,N)
def
=
∑
m
e(G,N,m).
Now we show how e(G,N,m) and e˜(G,N,m) are related. Recall, from the formula
(2.1), we had that
e(G,N,m)
def
=
|Aut(G)|
|Aut(N)|e
′(G,N,m),
which followed from Theorem 2.2.8, where e′(G,N,m) =
∣∣SNG (m)∣∣ is the number of
regular subgroups of Hol(N) isomorphic to G whose image under Θ has size m. We
have
e′(G,N,m) =
∣∣SNG (m)∣∣ = ∑
G∈SNG (m)/Aut(N)
|Orb(G)|
=
∑
G∈SNG (m)/Aut(N)
|Aut(N)|
|Stab(G)| ,
where SNG (m)/Aut(N) is the quotient set containing distinct orbits. Since running
through elements G ∈ SNG (m)/Aut(N) corresponds to running through isomorphism
classes of G-skew braces of type N , i.e., BNG (m), and since using Theorem 2.3.8 we
have |Stab(G)| = ∣∣Aut(BNG (m))∣∣ , we find
e′(G,N,m) =
∑
BNG (m)
|Aut(N)|
|Aut(BNG (m))|
.
Therefore, we have
e(G,N,m) =
∑
BNG (m)
|Aut(G)|
|Aut(BNG (m))|
,
from which it follows, since Aut(BNG (m)) ⊆ Aut(G), that
e(G,N,m) =
∑
BNG (m)
|Aut(G)|
|Aut(BNG (m))|
≥
∑
BNG (m)
1 = e˜(G,N,m).
This also implies that if we understand Aut(G) and the automorphism groups of
all G-skew braces of type N , then we can determine the number of Hopf-Galois
structures of type N on a Galois extension of fields with Galois group G.

Chapter 3
Preliminaries II: The groups of
order p3
Let p be a prime number. Then, up to isomorphism, there are 3 abelian and 2
nonabelian groups of order p3. In this chapter we are mainly concerned with studying
groups of order p3 and their automorphisms groups, but in some places we have
studied more general p-groups.
3.1 The cyclic group Cpn
For n ≥ 1 the cyclic group Cpn has a presentation
Cpn
def
=
〈
σ | σpn = 1〉 .
Note, for all 0 ≤ m ≤ n the group Cpn contains a unique subgroup of order pn−m
given by
〈
σp
m〉
.
Lemma 3.1.1. For p > 2 we have |Aut(Cpn)| = (p− 1)pn−1 and
Aut(Cpn) ∼= Cpn−1 × Cp−1,
where Cpn−1 is generated by α ∈ Aut(Cpn) with σα = σp+1.
For p = 2 and n > 1 we have |Aut(C2n)| = 2n−1 and
Aut(C2n) ∼= C2n−2 × C2 = 〈α1, α2〉
where α1, α2 ∈ Aut(C2n) are given by σα1 = σ5 and σα2 = σ−1.
Proof. If β ∈ Aut(Cpn), then β must map the generator σ to another generator, so
we must have σβ = σa with p - a; in particular Aut(Cpn) is abelian and
|Aut(Cp3)| = (p− 1)pn−1.
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Note, for p > 2 we may identify
Aut(Cpn) ∼= (Z/pnZ)× ∼= Z
(p− 1)pn−1Z
from which it follows that Aut(Cpn) ∼= Cpn−1 × Cp−1 with the factor Cpn−1 given by
Cpn−1 = 〈α〉 where σα = σp+1.
The structure of Aut(Cpn) for p = 2 and n = 2 is clear. For n > 2 our claim follows
by noting that Aut(C2n) is not cyclic, the automorphism α1 with σ
α1 = σ5 has order
2n−2, the automorphism α2 with σα2 = σ−1 has order 2, and they commute.
3.2 The product of cyclic groups Cpn−1 × Cp
For n ≥ 3 the group Cpn−1 × Cp has a presentation
Cpn−1 × Cp def=
〈
σ, τ | σpn−1 = τ p = 1, τσ = στ
〉
.
Note, when n = 3, the group Cp2×Cp contains p2−1 elements of order p of the form
σa1pτa2 for integers a1 and a2, not both zero, so it contains
p2−1
p−1 = p+ 1 subgroups
of order p which are of the form
〈σp〉 , 〈σapτ〉 for a = 0, ..., p− 1.
Further, Cp2 × Cp contains p + 1 subgroups of order p2, of which one subgroup is
isomorphic to C2p given by 〈σp, τ〉 and p of them are cyclic which of the form
〈
στ b
〉
for b = 0, ..., p− 1.
Let us denote by
L(Fp)
def
=
{
A ∈ GL2(Fp) | A =
(
a1 0
a3 a4
)}
the subgroup of lower triangular matrices in GL2(Fp).
Lemma 3.2.1. We have |Aut(Cpn−1 × Cp)| = (p− 1)2pn. Furthermore, every auto-
morphism of Cpn−1×Cp can be written as a matrix
(
a1 b2pn−2
a3 a4
)
, with a1 = 0, ..., p
n−1−1
and b2, a3, a4 = 0, ..., p−1, such that if we reduce the entries modulo p, then we have
an element of L(Fp).
Proof. Let α ∈ Aut(Cpn−1 × Cp). Then we have
σα = σa1τa3
τα = σa2τa4
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for some a1, a2, a3, a4 ∈ Z. We shall write(
a1 a2
a3 a4
)
to represent α, where the first row matters modulo pn−1 and the second row modulo
p. Now since τ p = 1, and since α is a homomorphism, we must have α(τ p) = σa2p =
1, so we must have
a2p ≡ 0 mod pn−1,
i.e., we have a2 = b2p
n−2 for b2 = 0, ..., p − 1. Since α is an automorphism, it must
send σ to an element of order pn−1, which implies
a1 6≡ 0 mod p.
Further, for α to be injective, we require
〈σα〉 ∩ 〈τα〉 = 〈σa1τa3〉 ∩ 〈σa2τa4〉 = 1,
and so we must have
a4 6≡ 0 mod p.
One check that these are all the restriction on α to be an automorphism. This gives
pn−1− pn−2 choices for a1, p choices for a2, p choices for a3, and p− 1 choices for a4.
Therefore, we have
|Aut(Cpn−1 × Cp)| = (p− 1)2pn,
and that every automorphism of Cpn−1 × Cp can be written as a matrix
(
a1 b2pn−2
a3 a4
)
such that if we reduce the entries modulo p, then the matrix is an element of L(Fp).
3.3 The elementary abelian group C3p
The elementary abelian group C3p has a presentation
C3p
def
= 〈ρ, σ, τ | ρp = σp = τ p = 1, σρ = ρσ, τρ = ρτ, τσ = στ〉 .
Note, C3p contains
p3−1
p−1 = p
2 + p+ 1 subgroups of order p, which are of the form
〈ρ〉 , 〈ρaσ〉 , 〈ρbσcτ〉 for a, b, c = 0, ..., p− 1,
also C3p contains
(p3−1)(p3−p)
(p2−1)(p2−p) = p
2 + p+ 1 subgroups of order p2.
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Lemma 3.3.1. We have
∣∣Aut(C3p)∣∣ = (p3 − 1)(p2 − 1)(p− 1)p3 and
Aut(C3p)
∼= GL3(Fp).
Proof. The group C3p can be identified with F3p, the 3-dimensional vector space over
the finite field Fp, and so the automorphism group of C3p can be identified with the
invertible 3 × 3 matrices over Fp, namely GL3(Fp). Now the lemma follows from
standard results relating to GL3(Fp).
We remark that in general one has Aut(Cnp )
∼= GLn(Fp), also
|GLn(Fp)| = p 12n(n−1)
n∏
j=1
(pj − 1),
|SLn(Fp)| = p 12n(n−1)
n∏
j=2
(pj − 1).
3.4 The nonabelian exponent p group M1
For p > 2 the exponent p group M1, or otherwise known as the Heisenberg group of
order p3, has a presentation
M1
def
= 〈ρ, σ, τ | ρp = σp = τ p = 1, σρ = ρσ, τρ = ρτ, τσ = ρστ〉 ∼= C2p o Cp.
Note, the above relations imply that for positive integers a1, a2, a3, a4, we have
σa1τa2σa3τa4 = ρa2a3σa1+a3τa2+a4
from which we also obtain the relation
(σa1τa2)n = ρ
1
2
a1a2n(n−1)σna1τna2 . (3.1)
We note that the group M1 contains p
3 − 1 elements of order p, thus p2 + p+ 1
subgroups of order p, which are of the form
〈ρ〉 , 〈ρaσ〉 , 〈ρbσcτ〉 for a, b, c = 0, ..., p− 1.
Also M1 contains p+ 1 subgroups of order p
2, which are all isomorphic to C2p , of the
form
〈ρ, τ〉 , 〈ρ, στ d〉 for d = 0, ..., p− 1.
Lemma 3.4.1. We have |Aut(M1)| = (p2 − 1)(p− 1)p3 and
Aut(M1) ∼= C2p oGL2(Fp),
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where C2p in the semi-direct product above is generated by automorphisms β, γ ∈
Aut(M1) given by
σβ = σ, τβ = ρτ and
σγ = ρσ, τ γ = τ.
The (left) action of GL2(Fp) on C2p = 〈β, γ〉, in the semi-direct product, is given
by (
a1 a2
a3 a4
)
· β = βa1γ−a3 and
(
a1 a2
a3 a4
)
· γ = β−a2γa4 .
where
(
a1 a2
a3 a4
)
∈ GL2(Fp).
Proof. Let α ∈ Aut(M1). Then we have
σα = ρb1σa1τa3
τα = ρb2σa2τa4
for some a1, a2, a3, a4, b1, b2 ∈ Z/pZ. Note we find
ρα = τασα (σατα)−1 = ρa1a4−a2a3 ,
so α is bijective if and only if a1a4−a2a3 6≡ 0 mod p. Since if a1a4−a2a3 ≡ 0 mod p,
then α is not injective. Conversely, if a1a4− a2a3 6≡ 0 mod p, then (ρv1σv2τ v3)α = 1,
implies v1 = v2 = v3 = 0 and that α is injective, and hence bijective. We shall writea1a4 − a2a3 b1 b20 a1 a2
0 a3 a4

to represent α. This is only a representation, and so composition of automorphisms
does not in general correspond to matrix multiplication.
To understand the structure of Aut(M1) we work as follows. The group M1 has
centre Z = 〈ρ〉 of order p and
M1/Z = 〈σ, τ〉 ∼= C2p ,
where σ, τ ∈M1/Z are the images of σ, τ ∈M1. Any automorphism of M1 must map
the characteristic subgroup Z ⊆M1 to itself, and so it induces an automorphism of
M1/Z; thus we obtain a natural homomorphism
Ψ : Aut(M1) −→ Aut(M1/Z) ∼= GL2(Fp).
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Since M1/Z ∼= C2p is abelian, we see that the set of inner automorphism of M1 is
contained in the kernel of Ψ i.e., Inn(M1) ⊆ KerΨ . Note Inn(M1) ∼= M1/Z. Now if
α ∈ KerΨ , then we must have τατ−1 ∈ Z and σασ−1 ∈ Z i.e.,
σα = ρr1σ
τα = ρr2τ
for some integers r1, r2 = 0, ..., p − 1, which implies that ρα = ρ. There can be at
most p2 choices for such α, which implies that Inn(M1) = KerΨ . We further find
KerΨ = 〈β, γ〉 where
β
def
=
1 0 10 1 0
0 0 1
 , γ def=
1 1 00 1 0
0 0 1
 .
Now we shall show the map Ψ is surjective. For any
A
def
=
(
a b
c d
)
∈ GL2(Fp)
define a map
αA : M1 −→M1 given by αA def=
ad− bc
ac
2
bd
2
0 a b
0 c d
 .
Then we have
σαAταA = ρ
ac+bd
2
+bcσa+bτ c+d,
ταAσαA = ρ
ac+bd
2
+adσa+bτ c+d,
so
ραA = ταAσαA (σαAταA)−1 = ρad−bc = ρdet(A).
We see that αA is an automorphism, and so Ψ is surjective. In particular, the map
A 7−→ αA is a group homomorphism as follows. Let
A1
def
=
(
a1 b1
c1 d1
)
, A2
def
=
(
a2 b2
c2 d2
)
∈ GL2(Fp).
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Then
(σαA1 )αA2 =
(
ρ
a1c1
2 σa1τ c1
)αA2
= ρdet(A2)
a1c1
2
(
ρ
a2c2
2 σa2τ c2
)a1 (
ρ
b2d2
2 σb2τ d2
)c1
= ρk1(σa2τ c2)a1(σb2τ d2)c1 ,
where k1
def
=
1
2
(det(A2)a1c1 + a1a2c2 + c1b2d2) , so
(σαA1 )αA2 = ρk2σa1a2τa1c2σc1b2τ c1d2 ,
where k2
def
= k1 +
1
2
(a2c2a1 (a1 − 1) + b2d2c1 (c1 − 1)) , so
(σαA1 )αA2 = ρk3σa1a2σc1b2τa1c2τ c1d2 ,
where k3
def
= k2 + a1c1b2c2 =
1
2
(
a2d2a1c1 + b2d2c
2
1 + c2a2a
2
1 + a1c1b2c2
)
=
1
2
(a2a1 + b2c1) (d2c1 + c2a1) ,
from which one can see that
(σαA1 )αA2 = σαA2A1 ,
similarly, one checks that
(ταA1 )αA2 = ταA2A1 ,
so we see that the mapA 7−→ αA has the property thatA2A1 7−→ αA2αA1 . Therefore,
we have a split exact sequence
1 C2p Aut(M1) GL2(Fp) 1.
In order to determine the action of GL2(Fp) on the group C2p in the above exact
sequence it suffices to determine the action on the elements β, γ. Let
A =
(
a1 a2
a3 a4
)
∈ GL2(Fp).
Then A−1 = 1
det(A)
(
a4 −a2−a3 a1
)
. Now we have
σα
−1
A βαA =
(
ρ
a1a3
2 σa1τa3
)α−1A β
=
(
ρ
a1a3
2 σa1 (ρτ)a3
)α−1A
= (ρa3σαA)α
−1
A = σγ
a3det(A
−1)
,
τα
−1
A βαA =
(
ρ
a2a4
2 σa2τa4
)α−1A β
=
(
ρ
a2a4
2 σa2 (ρτ)a4
)α−1A
= (ρa4ταA)α
−1
A = τβ
a4det(A
−1)
,
similarly, we also find
σα
−1
A γαA = σγ
a1det(A
−1)
,
τα
−1
A γαA = τβ
a2det(A
−1)
,
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thus, we have
α−1A βαA = β
a4det(A−1)γa3det(A
−1),
α−1A γαA = β
a2det(A−1)γa1det(A
−1).
Note, the above calculation determines a right action, so replacing A with A−1 the
left action is given by(
a1 a2
a3 a4
)
· β = βa1γ−a3 and
(
a1 a2
a3 a4
)
· γ = β−a2γa4 .
3.5 The nonabelian exponent p2 group M2
For p > 2 the exponent p2 group M2, or otherwise known as the Extraspecial group
of order p3, has a presentation 1
M2
def
=
〈
σ, τ | σp2 = τ p = 1, τσ = σp+1τ
〉 ∼= Cp2 o Cp.
Note, the above relations imply that for positive integers a1, a2, a3, a4 we have
σa1τa2σa3τa4 = σa1+a3(p+1)
a2τa2+a4 = σa2a3pσa1+a3τa2+a4 ,
from which we obtain the relation
(σa1τa2)n = σ
1
2
a1a2n(n−1)pσna1τna2 . (3.2)
We note that the group M2 contains only p+ 1 subgroups of order p, which are
of the form
〈σp〉 , 〈σapτ〉 for a = 0, ..., p− 1.
Also M2 contains only p+ 1 subgroups of order p
2, of which one subgroup is isomor-
phic to C2p given by 〈σp, τ〉, and p of them are cyclic, which are of the form
〈
στ b
〉
for b = 0, ..., p− 1.
Let
L1(Fp)
def
=
{
A ∈ GL2(Fp) | A =
(
a1 0
a3 1
)}
be the subgroup of the lower triangular matrices in GL2(Fp) whose bottom right
entry is equal to 1.
Lemma 3.5.1. We have |Aut(M2)| = (p− 1)p3. Furthermore, every automorphism
1for p = 2 the groups M2 and M1 are isomorphic.
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of M2 can be written as
(
a1 b2p
a3 1
)
, with a1 = 0, ..., p
2 − 1 and b2, a3, a4 = 0, ..., p − 1,
such that if we reduce the entries modulo p, then we have an element of L1(Fp).
Proof. Let α ∈ Aut(M2). Then we have
σα = σa1τa3
τα = σa2τa4
for some a1, a2, a3, a4 ∈ Z. We shall write(
a1 a2
a3 a4
)
to represent α, where the first row matters modulo p2 and the second row modulo
p. Note with this representation composition of automorphisms does not in general
correspond to matrix multiplication. Now since τ p = 1, we require that
(σa2τa4)p = σa2p+
1
2
a2a4(p−1)p2τa4p = 1,
and so we must have
a2 ≡ 0 mod p,
which implies that for α to be injective we need
a1, a4 6≡ 0 mod p.
We further need (σα)p+1 τα = τασα; thus, setting a2 = 0, we need
(σα)p+1 τα = (σa1τa3)p+1 σa2τa4 = σ(p+1)a1+a2τ (p+1)a3τa4
= σ(p+1)a1+a2τa3+a4
to be equal to τασα = σa2τa4σa1τa3 = σa1+a2+a1a4pτa3+a4 , so we must have
a1a4 ≡ a1 mod p,
which implies that a4 = 1. This gives us
|Aut(M2)| = (p− 1)p3,
and that every automorphism of M2 can be written as
(
a1 b2p
a3 1
)
such that if we reduce
the entries modulo p, then we have a matrix which is an element of L1(Fp).
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3.6 The groups of order p3 for p = 2
For p = 2 the abelian groups of order 8 are the same as in Sections 3.1 – 3.3. The
nonabelian groups of order 8 are, the dihedral group,
D8
def
=
〈
σ, τ | σ4 = τ 2 = 1, τσ = σ−1τ〉 ,
which is isomorphic to the group
M1
def
=
〈
ρ, σ, τ | ρ2 = σ2 = τ 2 = 1, σρ = ρσ, τρ = ρτ, τσ = ρστ〉 ,
and the quaternion group
Q8
def
=
〈
σ, τ | σ4 = 1, σ2 = τ 2, τσ = σ−1τ〉 .
We shall investigate each of these two groups separately.
Let us consider
D8
def
=
〈
σ, τ : σ4 = τ 2 = 1, τσ = σ−1τ
〉
.
Note, the above relations imply that for positive integers b1, b2, b3, b4 we have
σb1τ b2σb3τ b4 = σ2b2b3σb1+b3τ b2+b4 ,
from which we obtain the relation
(
σb1τ b2
)n
= σb1b2n(n−1)+b1nτ b2n.
Note that D8 contains 5 subgroups of order 2 of the form〈
σ2
〉
, 〈σaτ〉 for a = 0, 1, 2, 3,
also D8 contains 3 subgroups of order 4, of which 2 are isomorphic to C
2
2 given by〈
σ2, σbτ
〉
for b = 0, 1, and one of them is cyclic given by 〈σ〉.
Now we shall determine automorphism group of D8 similar to Lemma 3.5.1. Let
α ∈ Aut(D8). Then
σα = σa1τa3
τα = σa2τa4
for some ai ∈ Z for i = 1, ..., 4, where a1, a2 matter modulo 4 and a3, a4 modulo 2.
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Since τ has order 2 and σ order 4 we need
a2(a4 + 1) ≡ 0 mod 2
and a3 = 0, so a4 = 1 and a1 6≡ 0 mod 2. One can check that Aut(D8) fits in the
exact sequence
1 C22 Aut(D8) U(F2) 1,
Ψ
so |Aut(D8)| = 8, where
U(F2)
def
=
{
A ∈ GL2(F2) : A =
(
1 c
0 1
)}
,
and KerΨ = 〈β, γ〉 ∼= C22 with β and γ given by
σβ = σ, τβ = σ2τ and
σγ = σ2σ, τ γ = τ.
Next we consider the quaternion group
Q8
def
=
〈
σ, τ | σ4 = 1, σ2 = τ 2, σ−1τ = τσ〉 .
Note, the above relations imply that for positive integers b1, b2, b3, b4, we have
σb1τ b2σb3τ b4 = σ2b2b3σb1+b3τ b2+b4 ,
from which we obtain the relation
(
σb1τ b2
)n
= σb1b2n(n−1)σb1nτ b2n.
Note that Q8 contains one subgroups of order 2 of the form 〈σ2〉, also Q8 contains
3 subgroups of order 4, which are cyclic, and they are of the form
〈σ〉 , 〈σaτ〉 for a = 0, 1.
Now we shall determine automorphism group of Q8 similar to Lemma 3.4.1.
Let α ∈ Aut(Q8). Then
σα = σa1τa3
τα = σa2τa4
for some ai ∈ Z for i = 1, ..., 4, and they only matter modulo 4.
We need a1 6≡ 0 mod 2 or a3 6≡ 0 mod 2, similarly a2 6≡ 0 mod 2 or a4 6≡ 0 mod 2.
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Since σ2 = τ 2 we need
a1a3 + a1 + a3 ≡ a2a4 + a2 + a4 mod 2,
which is always satisfied. Since τ = στσ, we need
a1a4 − a2a3 + a1a3 + a1 + a3 ≡ 0 mod 2,
which implies that we need a1a4 − a2a3 ≡ 1 mod 2. One can check that Aut(Q8)
fits in the exact sequence
1 C22 Aut(Q8) GL2(F2) 1,
Ψ
so |Aut(D8)| = 24, where KerΨ = 〈β, γ〉 ∼= C22 and β, γ are given by
σβ = σ, τβ = σ2τ and
σγ = σ2σ, τ γ = τ.
Remark 3.6.1. We have adopted the convention that whenever we use a matrix
representation for our automorphisms, we have consistently used the last column to
show the effect of the automorphism on τ , which we have denoted consistently to be
the generator with smallest order, the one to the last column on σ, which we have
taken consistently to be the generator with the largest order, and the other column
(wherever there is one) on ρ. We shall keep to this convention throughout.
Part II
Hopf-Galois Structures
and Skew Braces
of Order p3

Chapter 4
Hopf-Galois structures and skew
braces for p > 3
In this chapter we determine the Hopf-Galois structures and classify, up to isomor-
phism, the skew braces, of order p3, mainly for p > 3; although, in some places we
have study more general p-groups. Let us here once and for all fix an element
δ ∈ F×p \
(
F×p
)2
, (4.1)
i.e., δ is not a square modulo p.
4.1 Regular subgroups in Hol(Cpn)
In this section for p > 2 we classify the regular subgroups contained in Hol(Cpn),
from which we find the number of Hopf-Galois structures and braces of Cpn type.
We also determine the automorphism groups of braces of Cpn type. We note that
the classification of the regular subgroups contained in Hol(Cpn) can also be found in
[Chi00, (8.6) Proposition], so we have provided some of the calculations here mainly
for completeness. The main result of this section is the following.
Proposition 4.1.1. We have
e(Cpn , Cpn) = p
n−1 and e(G,Cpn) = 0 for G  Cpn .
Furthermore, we have
e˜(Cpn , Cpn) = n and e˜(G,Cpn) = 0 for G  Cpn .
The proof of the proposition above follows from the calculations in the rest of
this section. We shall work with primes p > 2. First we recall from Section 3.1, that
Cpn
def
=
〈
σ | σpn = 1〉 .
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Now in order to make the notation easier we shall often use the identification
Cpn ∼= Z/pnZ given by σ −→ 1 mod pn,
and we consider all natural numbers modulo pn. By Lemma 3.1.1, we may identify
the holomorph of Cpn with
Hol(Cpn) = {[v, β] : v ∈ Z/pnZ, β ∈ Aut(Cpn)} ∼= (Z/pnZ)o (Cpn−1 × Cp−1).
Note, the image of a subgroup of Hol(Cpn) of order p
n in Aut(Cpn) under the natural
projection
Θ : Hol(Cpn) −→ Aut(Cpn)
must lie in Cpn−1 ; thus any subgroup of Hol(Cpn) of order p
n lies in
(Z/pnZ)o 〈α〉 ∼= Cpn o Cpn−1 , where α(1) ≡ 1 + p mod pn.
Now suppose G is a subgroup of order pn in Hol(Cpn). Then we must have |Θ(G)| =
1, p, ..., pn−1. First we consider the case when n = 3, then we generalise the procedure
to arbitrary n.
Lemma 4.1.2. There are exactly p2 regular subgroups contained in Hol(Cp3) given
by the cyclic subgroups
〈[1, id]〉 , 〈[v1, αp]〉 , 〈[v2, α]〉
for v1 = 1, ..., p− 1 and v2 = 1, ..., p2 − 1 with p - v2.
Furthermore, there are exactly three cyclic braces of degree p3 all of which are
cyclic type given by
〈[1, id]〉 , 〈[1, αp]〉 , 〈[1, α]〉 .
Proof. Suppose G is a group of order p3. If G ⊆ Hol(Cp3) with |Θ(G)| = 1, then we
must have G = 〈[1, id]〉 which is a regular subgroup of Hol(Cp3) since it acts on Cp3
by translation. The class of 〈[1, id]〉 gives a brace.
If G ⊆ Hol(Cp3) with |Θ(G)| = p, then we must have Θ(G) = 〈αp〉 and G∩Cp3 =
〈p〉, so
G = 〈[p, id], [v, αp]〉
for some v ∈ Z/p3Z, and by multiplying [v, αp] with a suitable power of [p, id], we
can assume v = 0, ..., p− 1. We look for condition on v such that G is regular. Note
since
αp(1) = (1 + p)p = 1 + p2 mod p3,
we have
[v, αp][p, id] = [v + p+ p3, αp] = [v + p, αp] = [p, id][v, αp],
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so G is abelian. Now for a natural number a we have
[v, αp]a =
[
(1 + (1 + p)p + · · ·+ (1 + p)(a−1)p)v, αap]
=
[
av +
1
2
p2a(a− 1)v + 1
2
p3
(
p
6
a(a− 1)(2a− 1)− 1
2
a(a− 1)
)
v, αap
]
=
[
(a+
1
2
p2a(a− 1))v, αap
]
.
We see thatG has size p3 and thatG is regular if and only if v 6= 0, since (v, αp)a(0) =
0 for a 6= 0 and v = 0. Conversely, and if v 6= 0 and [v, αp]a(0) = 0, then we must
have
(a+
1
2
p2a(a− 1)) ≡ 0 mod p3
so a = 0. When v 6= 0, by above calculation, [v, αp] has order p3, and so
G = 〈[p, id], [v, αp]〉 = 〈[v, αp]〉 ∼= Cp3
which is a cyclic regular subgroup of Hol(Cp3). Therefore, there are p − 1 distinct
regular subgroups of Hol(Cp3) of the form
〈[v, αp]〉 ∼= Cp3 for v = 1, ..., p− 1.
Furthermore, since there exists an automorphism in Aut(Cp3) which takes 1 to any
of {1, ..., p− 1}, all these regular subgroups are isomorphic as braces, and so the
class of 〈[1, αp]〉 corresponds to a brace.
If G ⊆ Hol(Cp3) with |Θ(G)| = p2, then we must have Θ(G) = 〈α〉 and G∩Cp3 =
〈p2〉; so
G =
〈
[p2, id], [u, α]
〉
for some u ∈ Z/p3Z, and we can assume u = 0, ..., p2 − 1. Note, since
[u, α][p2, id] = [u+ (1 + p)p2, α] = [u+ p2, α],
we find that G is abelian. Now we have
[u, α]a =
[(
1 + (1 + p) + · · ·+ (1 + p)(a−1))u, αa]
=
[
au+
1
2
pa(a− 1)u+ 1
6
p2a(a− 1)(a− 2)u, αa
]
,
so G has size p3. The group G is regular if and only if p - u; since if u = pu1, then
[p2, id]−u1 [u, α]p(0) = 0,
and if p - u, then [u, α]a(0) = 0 implies that a = 0 mod p. If p - u, the element [u, α]
4.1 Regular subgroups in Hol(Cpn) 51
has order p3, so
G = 〈[u, α]〉 ∼= Cp3
which is a cyclic regular subgroup of Hol(Cp3). Thus, there are (p − 1)p distinct
regular subgroups of the form
〈[u, α]〉 ∼= Cp3 for u = 1, ..., p2 − 1 with u 6≡ 0 mod p.
Furthermore, since there exists an automorphism in Aut(Cp3) which takes 1 to any
of {
u = 1, ..., p2 − 1 | u 6≡ 0 mod p} ,
all these regular subgroups are isomorphic as braces, and so the class of 〈[1, α]〉
correspond to a brace.
Therefore, all regular subgroups of Hol(Cp3) are cyclic, and there are
1 + p− 1 + (p− 1)p = p2
of them; furthermore, there are 3 cyclic braces all of which of cyclic type.
Corollary 4.1.3. We have e(Cp3 , Cp3 , 1) = 1,
e(Cp3 , Cp3 , p
3−m) = (p− 1)p2−m for m = 1, 2,
and e(G,Cp3 , p
3−m) = 0 if G 6= Cp3.
Furthermore, we have e˜(Cp3 , Cp3 , 1) = 1,
e˜(Cp3 , Cp3 , p
3−m) = 1 for m = 1, 2,
and e˜(G,Cp3 , p
3−m) = 0 if G 6= Cp3.
Proof. Follows from Lemma 4.1.2, and the formula
e(G,Cp3 , p
3−m) =
|Aut(G)|
|Aut(Cp3)|e
′(G,Cp3 , p
3−m).
We provide the general version of the theorem above for Cpn . First we note that
by explanations in [Rib89, p. 23], one has that for p be a prime and n > 1, and if k
and apn−1, for 0 < a ≤ p− 1, are positive integers with 1 < k < apn−1, then one has
υp
((
apn−1
k
))
= υp
(
apn−1!
(apn−1 − k)!k!
)
= n− 1− υp(k).
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Lemma 4.1.4. There are exactly pn−1 regular subgroups contained in Hol(Cpn) given
by the cyclic subgroups
〈[1, id]〉 , 〈[v1, α]〉 , ...,
〈
[vn−1, αp
n−2
]
〉
for vm = 1, ..., p
n−m − 1 with p - vm and m = 1, ..., n− 1.
Furthermore, there are exactly n cyclic braces of order pn all of which are of
cyclic type given by
〈[1, id]〉 , 〈[1, α]〉 , ...,
〈
[1, αp
n−2
]
〉
.
Proof. If G ⊆ Hol(Cpn) with |Θ(G)| = 1, then we must have G = 〈[1, id]〉 which is
a regular subgroup of Hol(Cpn). The class 〈[1, id]〉 corresponds to a brace.
If G ⊆ Hol(Cpn) with |Θ(G)| = pn−m for 1 ≤ m < n, then we must have
Θ(G) =
〈
αp
m−1
〉
and G ∩ Cpn = 〈pn−m〉, so
G =
〈
[pn−m, id], [v, αp
m−1
]
〉
for some v ∈ Z/pnZ, and we can assume v = 0, ..., pn−m − 1. Now, we have
αp
m−1
(1) = (1 + p)p
m−1
=
(
1 +
(
pm−1
1
)
p+
(
pm−1
2
)
p2 + · · ·+ ppm−1
)
= 1 +
pm−1∑
k=1
(
pm−1
k
)
pk.
Note, the quantity
l
def
=
pm−1∑
k=1
(
pm−1
k
)
pk−m
is an integer, which as already mentioned follows from [Rib89, p. 23], and since
k ≥ υp(k) + 1 for all k which can be shown by induction on k. Consequently, we
find
[v, αp
m−1
][pn−m, id] = [v + pn−m +
pm−1∑
k=1
(
pm−1
k
)
pk+n−m, αp
m−1
]
= [v + pn−m + pnl, αp
m−1
] = [v + pn−m, αp
m−1
]
= [pn−m, id][v, αp
m−1
],
so G is abelian. Next, we calculate, for a natural number i ≥ 1
[v, αp
m−1
]p
i
=
[(
1 + (1 + p)p
m−1
+ · · ·+ (1 + p)(pi−1)pm−1
)
v, αp
m−1+i
]
.
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Note we have
pi−1∑
j=0
(1 + p)jp
m−1
=
(1 + p)p
m−1+i − 1
(1 + p)pm−1 − 1
=
pm+i +
(
pm−1+i
2
)
p2 + · · ·+ ppm−1+i
pm +
(
pm−1
2
)
p2 + · · ·+ ppm−1 =
ki
km
.
Now since p > 2 we have that υp(km) = m and υp(ki) = m + i, and so if we let
lm =
km
pm
and li =
ki
pm
, we have υp(li) = i and υp(lm) = 0
[v, αp
m−1
]p
i
= [lil
−1
m v, α
pm−1+i ],
so G has size pn and the element [v, αp
m−1
] can have order pn or a lower power of p
depending on v.
If p | v, then without loss of generality we can assume v = prs with 0 < r < n−m
and p - s, but in such a case G cannot be a regular subgroup of Hol(Cpn) since we
find
[v, αp
m−1
]p
n−m−r
(0) = [ln−m−rl−1m v, α
pn−r−1 ](0) = ln−m−rl−1m v ∈
〈
pn−m
〉
If p - v, then we see that vαpm−1 has order pn from which it can be deduced that
G =
〈
[v, αp
m−1
]
〉 ∼= Cpn
is a regular cyclic subgroup of Hol(Cpn). There are (p− 1)pn−m−1 regular subgroups
of the form〈
[vm, α
pm−1 ]
〉 ∼= Cpn for vm = 1, ..., pn−m − 1 with vm 6≡ 0 mod p, m = 1, ..., n− 1.
Furthermore, since there exists an automorphism in Aut(Cpn) taking 1 to any ele-
ment of {
vm = 1, ..., p
n−m − 1 | vm 6≡ 0 mod p
}
,
each class
〈
[1, αp
m−1
]
〉
corresponds to a brace.
Therefore, for p > 2, all regular subgroups of Hol(Cpn) are cyclic, and there are
1 +
n−1∑
m=1
(p− 1)pn−m−1 = pn−1
of them. Furthermore, there are n cyclic braces of order pn all of which are of cyclic
type.
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Corollary 4.1.5. We have e(Cpn , Cpn , 1) = 1,
e(Cpn , Cpn , p
n−m) = (p− 1)pn−m−1 for m = 1, ..., n− 1,
and e(G,Cpn , p
n−m) = 0 for G  Cpn.
Furthermore, we have e˜(Cpn , Cpn , 1) = 1,
e˜(Cpn , Cpn , p
n−m) = 1 for m = 1, ..., n− 1,
and e˜(G,Cpn , p
n−m) = 0 for G  Cpn.
Proof. Follows from Lemma 4.1.4, and the formula
e(G,Cpn , p
n−m) =
|Aut(G)|
|Aut(Cpn)|e
′(G,Cpn , pn−m).
4.1.1 Automorphism groups of braces of Cpn type
Note, by Lemma 4.1.4, the braces of Cpn type are given by
〈[1, id]〉, 〈[1, α]〉, ..., 〈[1, αpn−2 ]〉 ∼= Cpn .
Now, using the explanation of Subsection 2.3.1, the automorphism groups of the
above braces are given by
AutBr(〈[1, id]〉) = AutGr(〈[1, id]〉) ∼= Cpn−1 × Cp−1,
AutBr(〈[1, αpn−m−1 ]〉) = 〈αpm−1〉 ∼= Cpn−m for m = 1, ..., n− 1.
4.2 Regular subgroups in Hol(Cp2 × Cp)
In this section we classify the regular subgroups contained in Hol(Cp2 ×Cp) and the
braces of Cp2 × Cp type. The main result of this section is the following.
Proposition 4.2.1. We have
e(Cp2 × Cp, Cp2 × Cp) = (2p− 1)p2,
e(M2, Cp2 × Cp) = (2p− 1)p2,
and e(G,Cp2 × Cp) = 0 for G  Cp2 × Cp or M2.
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Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp) = 9,
e˜(M2, Cp2 × Cp) = 4p+ 1,
and e˜(G,Cp2 × Cp) = 0 for G  Cp2 × Cp or M2.
The proof of the proposition above follows from the calculations in the rest of
this section, particularly by adding relevant quantities in Corollaries 4.2.3 and 4.2.5.
First we recall from Section 3.2,
Cp2 × Cp def=
〈
σ, τ | σp2 = τ p = 1, τσ = στ
〉
.
To make the notations easier, we shall identify Cp2 × Cp with Z/p2Z× Z/pZ via
σ 7−→ e1 def=
(
1
0
)
, τ 7−→ e2 def=
(
0
1
)
.
By Lemma 3.2.1, we have |Aut(Cp2 × Cp)| = (p− 1)2p3. Note, with notation intro-
duced in Lemma 3.2.1, if α, β ∈ Aut(Cp2 × Cp), say
α =
(
a1 a2p
a3 a4
)
, β =
(
b1 b2p
b3 b4
)
,
then the composition αβ corresponds to the matrix
αβ =
(
a1b1 + a2b3p (a1b2 + a2b4)p
a3b1 + a4b3 a4b4
)
. (4.2)
Now, we let
Θ : Hol(Cp2 × Cp) −→ Aut(Cp2 × Cp)
be the natural projection. Further we let
Ψ : Aut(Cp2 × Cp) −→ L(Fp)(
a1 a2p
a3 a4
)
7−→
(
a1 mod p 0
a3 a4
)
be the reduction of entries modulo p, where L(Fp) was defined just before Lemma
3.2.1 is the lower triangular invertible 2 × 2 matrices over the finite filed Fp. Then
the image of a subgroup
G ⊆ Hol(Cp2 × Cp)
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of order p3 in L(Fp) under the composition of projections
ΨΘ : Hol(Cp2 × Cp) −→ L(Fp)
must lie in the unique Sylow p-subgroup of L(Fp), which is the subgroup generated
by the image of the automorphism ( 1 01 1 ) under Ψ . Let
α1
def
=
(
p+ 1 0
0 1
)
, α2
def
=
(
1 0
1 1
)
, α3
def
=
(
1 p
0 1
)
.
Note, α1, α3 generate KerΨ and the elements α1, α2, α3 ∈ Aut(Cp2 ×Cp) have order
p. They satisfy the relations
α2α1 = α1α2, α3α1 = α1α3, α3α2 = α1α2α3, (4.3)
which implies that
〈α1, α2, α3〉 ∼= M1.
Therefore, we always have
Θ(G) ⊆ A(Cp2 × Cp) def= 〈α1, α2, α3〉 ,
and so any subgroup of Hol(Cp2 × Cp) of order p3 lies in
(Cp2 × Cp)o A(Cp2 × Cp).
We have
e(Cp2 × Cp, Cp2 × Cp, 1) = e˜(Cp2 × Cp, Cp2 × Cp, 1) = 1 and
e(G,Cp2 × Cp, 1) = e˜(G,Cp2 × Cp, 1) = 0 if G 6= Cp2 × Cp.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
But before we begin, it will be useful for our calculations to derive the explicit
formula for a term of the form (vαa11 α
a2
2 α
a3
3 )
r for natural numbers r, ai and an element
v = v1e1 + v2e2 ∈ Z/p2Z× Z/pZ. First we note that we have
αa11 α
a2
2 α
a3
3 · v =
(
a1p+ 1 a3p
a2 1
)
· v
= v1 (a1pe1 + e1 + a2e2) + v2 (a3pe1 + e2)
= v + (a1v1 + a3v2)pe1 + a2v1e2. (4.4)
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Now,
(vαa11 α
a2
2 α
a3
3 )
r =
(
v + αa11 α
a2
2 α
a3
3 · v + · · ·+ (αa11 αa22 αa33 )r−1 · v
)
(αa11 α
a2
2 α
a3
3 )
r
where, using (4.3) and (4.4), we find
(αa11 α
a2
2 α
a3
3 )
j · v = αa1j+
1
2
a2a3j(j−1)
1 α
a2j
2 α
a3j
3 · v
= v +
(
a1v1j +
1
2
a2a3v1j(j − 1) + a3v2j
)
pe1 + a2v1je2,
for j = 0, ..., r − 1.
Therefore, from above we have
(vαa11 α
a2
2 α
a3
3 )
r =
(
r−1∑
j=0
(αa11 α
a2
2 α
a3
3 )
j · v
)
(αa11 α
a2
2 α
a3
3 )
r
= (rv + l1pe1 + l2a2v1e2) (α
a1
1 α
a2
2 α
a3
3 )
r , (4.5)
where
l1 = l1(r)
def
=
r−1∑
j=1
(
a1v1j +
1
2
a2a3v1j(j − 1) + a3v2j
)
and
l2 = l2(r)
def
=
r−1∑
j=1
j.
Note, l1 and l2 are divisible by r for r > 3 a prime number, so
(vαa11 α
a2
2 α
a3
3 )
p = pv = v1pe1 (4.6)
since p > 3, i.e., the element vαa11 α
a2
2 α
a3
3 can have order p or p
2 depending on v1.
Furthermore, note for future use that in (4.5), when a2 = 0, for any integer r we
have
(vαa11 α
a3
3 )
r ∈ rvαra11 αra33 〈pe1〉 , (4.7)
where 〈pe1〉 is a normal subgroup of Hol(Cp2×Cp) since it is a characteristic subgroup
of Cp2 × Cp.
It will further be useful, when finding the non-isomorphic braces, to derive the
explicit formula for a term of the form α (vαa11 α
a2
2 α
a3
3 )α
−1 for an automorphism
α ∈ Aut(Cp2 × Cp). Note, α can be written as
α = αr33 β for some β
def
=
(
b1 0
b3 b4
)
∈ Aut(Cp2 × Cp)
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and some integer r3 which matters modulo p. Then we find
α−1 = β−1α−r33 =
(
b−11 0
−b3b−11 b−14 b−14
)
α−r33 .
Now, using (4.2), we have
βα1β
−1 = α1,
βα2β
−1 = αb
−1
1 b4
2 ,
βα3β
−1 = α−b3b
−1
4
1 α
b1b
−1
4
3 ,
so, using (4.3),
αα1α
−1 = α1,
αα2α
−1 = αr3b
−1
1 b4
1 α
b−11 b4
2 ,
αα3α
−1 = α−b3b
−1
4
1 α
b1b
−1
4
3 .
Therefore, we find
α (vαa11 α
a2
2 α
a3
3 )α
−1 = (α · v)αa1−a3b3b−14 +r3a2b−11 b41 αa2b
−1
1 b4
2 α
a3b1b
−1
4
3 , (4.8)
where
α · v = b1v1e1 + r3 (b3v1 + b4v2) pe1 + (b3v1 + b4v2) e2.
The above calculations, particularly (4.8), relating to conjugation of automorphisms,
are repeatedly used in order to prove when a given set of regular subgroups are
conjugate, i.e., as braces they are not isomorphic, in the next two lemmas.
Lemma 4.2.2. For |Θ(G)| = p there are exactly
(2p+ 1)(p− 1)
regular subgroups isomorphic to Cp2 × Cp and exactly 2(p − 1)p2 regular subgroups
isomorphic to M2 contained in Hol(Cp2 × Cp).
Furthermore, there are three (Cp2 × Cp)-braces of Cp2 × Cp type and five M2-
braces of Cp2 × Cp type.
Proof. If G ⊆ Hol(Cp2×Cp) with |Θ(G)| = p, then we must have Θ(G) ⊆ 〈α1, α2, α3〉
a subgroup of order p and G ∩ (Cp2 × Cp) a subgroup of order p2. Therefore, Θ(G)
is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
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(each occurring p− 1 times) and G ∩ (Cp2 × Cp) is one of
〈pe1, e2〉 , 〈e1 + de2〉 for d = 0, ..., p− 1.
We shall consider the subgroups of order p2 in Cp2×Cp and all ways of pairing them
with a subgroup of order p of 〈α1, α2, α3〉 which results in a regular subgroup ac-
cording to the procedure described in Subsection 2.1.1. We will give the description
of all regular subgroups, with |Θ(G)| = p, in the body of the lemma and count them
at the end of the lemma. Thus, there are two main cases to consider.
Case I: We start with the regular subgroups containing the subgroup 〈pe1, e2〉
of Cp2×Cp. Note, the subgroup 〈pe1, e2〉 is invariant under the action of 〈α1, α2, α3〉
as it is the only subgroup of Cp2 × Cp isomorphic to C2p , so we must have
G = 〈pe1, e2, g〉 where g def= e1αa11 αa22 αa33 .
It follows from (4.6) that gp = pe1, thus G = 〈e2, g〉. Now for r 6= 0, using (4.4) and
(4.6), we have
g (re2) = (e1α
a1
1 α
a2
2 α
a3
3 ) (re2) = (ra3pe1 + re2 + e1)α
a1
1 α
a2
2 α
a3
3
= gra3p (re2) g, (4.9)
Thus, G has order p3. The subgroup G is abelian if and only if a3 = 0, and if a3 6= 0,
choosing r in (4.9) so that ra3 ≡ 1 mod p, we have that G is isomorphic to M2.
Furthermore, all these subgroups are regular since they have order p3 and Orb(0)
contains 〈pe1, e2〉 ∪ {e1}, that is p2 + 1 elements, which implies that G is transitive.
Therefore, we find regular subgroups isomorphic to Cp2 × Cp for a3 = 0 and
isomorphic to M2 for a3 6= 0 which are
〈e2, e1αc1〉 , 〈e2, e1αa1αc2〉 ∼= Cp2 × Cp,
〈
e2, e1α
a
1α
b
2α
c
3
〉 ∼= M2
for a, b = 0, ..., p− 1, c = 1, ..., p− 1. (4.10)
To find the non-isomorphic braces corresponding to the above regular subgroups
we work as follows. We let α ∈ Aut(Cp2 × Cp) and write
α = αr33 β for some β
def
=
(
b1 0
b3 b4
)
∈ Aut(Cp2 × Cp).
Now, using (4.8) we have
α (e1α
a1
1 α
a2
2 α
a3
3 )α
−1 = (α · e1)αa1−a3b3b
−1
4 +r3a2b
−1
1 b4
1 α
a2b
−1
1 b4
2 α
a3b1b
−1
4
3 ,
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where
α · e1 = b1e1 + r3b3pe1 + b3e2,
so
α (e1α
a1
1 α
a2
2 α
a3
3 )
b−11 α−1 ∈ e1αa1b
−1
1 −a3b−11 b3b−14 +r3a2b−21 b4+ 12a2a3b−11 (b−11 −1)
1 α
a2b
−2
1 b4
2 α
a3b
−1
4
3 〈pe1, e2〉 .
Now
α (e1α
c
1)
b−11 α−1 =
(
α · (b−11 e1))αb−11 c1 ∈ e1αb−11 c1 〈pe1, e2〉 ,
so conjugating the subgroup 〈e2, e1α1〉 with the automorphism represented by
(
c−1 0
0 1
)
we get 〈e2, e1αc1〉. Next, note we have
α (e1α
a
1α
c
2)
b−11 α−1 ∈ e1αab
−1
1 +r3cb
−2
1 b4
1 α
cb−21 b4
2 〈pe1, e2〉 ,
so if we conjugate the subgroup 〈e2, e1α2〉 with the automorphism represented by
αac
−1
3
(
c−1 0
0 c−1
)
, then we get 〈e2, e1αa1αc2〉, and since α1 can never be conjugated to α2
here we only have two abelian type braces 〈e2, e1α1〉 and 〈e2, e1α2〉.
Next, working similar to above, we have
α (e1α
a
1α
c
3)
b−11 α−1 ∈ e1αab
−1
1 −cb−11 b3b−14
1 α
cb−14
3 〈pe1, e2〉 ,
so if we conjugate the subgroup 〈e2, e1α3〉 with the automorphism represented by(
c−1 0
−a c−1
)
, then we get 〈e2, e1αa1αc3〉, also for future use we see that we cannot conju-
gate 〈e2, e1αa1αc3〉 to a subgroup involving α2. Finally, we have
α
(
e1α
a
1α
b
2α
c
3
)b−11 α−1 ∈ e1αab−11 −cb−11 b3b−14 +r3bb−21 b4+ 12 bcb−11 (b−11 −1)1 αbb−21 b42 αcb−143 〈pe1, e2〉 ,
Now for δ ∈ F×p which is not a square, as fixed in (4.1), and for b, c ∈ F×p , we
can write bc = s21s where s1 ∈ F×p and s = 1, δ. Now conjugating the subgroup
〈e2, e1αs2α3〉 with the automorphism represented by α
ab−1− 1
2
c(1−s−11 )
3
(
s−11 0
0 c−1
)
we get〈
e2, e1α
a
1α
b
2α
c
3
〉
, also note that 〈e2, e1αs2α3〉 for different values of s cannot be con-
jugate to each other since if we try to conjugate 〈e2, e1α2α3〉 to
〈
e2, e1α
δ
2α3
〉
we
have
α (e1α2α3)
b−11 α−1 ∈ e1α−b
−1
1 b3b
−1
4 +r3b
−2
1 b4+
1
2
b−11 (b
−1
1 −1)
1 α
b−21 b4
2 α
b−14
3 〈pe1, e2〉 ,
which forces us to set b4 = 1, but this implies that we need b
−2
1 = δ which is
impossible as δ is not a square.
Therefore, from above regular subgroups, by considering (4.8) and above expla-
nations, we see that the only non-isomorphic braces here are
〈e2, e1α1〉 , 〈e2, e1α2〉 ∼= Cp2 × Cp, 〈e2, e1α3〉 , 〈e2, e1αs2α3〉 ∼= M2. (4.11)
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Case II: Finally, we consider the subgroup 〈e1 + de2〉 of Cp2×Cp and investigate
the possibility of pairing 〈e1 + de2〉 with a subgroup of the form 〈αa11 αa22 αa33 〉. Note,
using (4.4), we need
αa11 α
a2
2 α
a3
3 · (e1 + de2) = (1 + a1p+ a3dp) e1 + (a2 + d) e2 ∈ 〈e1 + de2〉
which implies that we must set a2 = 0. Thus, we must have
G = 〈e1 + de2, h〉 where h def= e2αa11 αa33 .
Note, for r 6= 0 using (4.7) we have
hr = (e2α
a1
1 α
a3
3 )
r ∈ re2αra11 αra33 〈e1 + de2〉 ,
so we see that re2α
ra1
1 α
ra3
3 ∈ G. Now, using (4.4),
(re2α
ra1
1 α
ra3
3 ) (e1 + de2) = (re2 + e1 + de2 + r (a1 + a3d) pe1)α
ra1
1 α
ra3
3
= (r (a1 + a3d) pe1) (e1 + de2) (re2α
ra1
1 α
ra3
3 ) .
Thus, G has order p3, and by considering |Orb(0)|, one can see that G is regular.
Furthermore, G is abelian if and only if a1 + a3d ≡ 0 mod p.
Therefore, we find regular subgroups isomorphic to Cp2 × Cp for a1 + a3d ≡
0 mod p and isomorphic to M2 for a1 + a3d 6≡ 0 mod p which are〈
e1 + de2, e2α
−cd
1 α
c
3
〉 ∼= Cp2 × Cp for d = 0, ..., p− 1, c = 1, ..., p− 1,
〈e1 + d2e2, e2αa11 〉 , 〈e1 + de2, e2αa1αc3〉 ∼= M2 (4.12)
for a, d, d2 = 0, ..., p− 1, a1, c = 1, ..., p− 1, with a+ cd 6≡ 0 mod p.
To find the non-isomorphic braces corresponding to the above regular subgroups,
we note that the automorphism represented by ( 1 0d 1 ) sends e1 to e1 +de2, so we may
consider orbits of regular subgroups above for d = 0 and conjugation by automor-
phisms which fix the subgroup generated by e1, i.e, automorphisms of the form
α = αr33
(
b1 0
0 b4
)
. Thus, every regular subgroup in (4.12) is conjugate to one of
〈e1, e2αc3〉 ∼= Cp2 × Cp for c = 1, ..., p− 1,
〈e1, e2αa1〉 , 〈e1, e2αa1αc3〉 ∼= M2
for a, c = 1, ..., p− 1.
Now, using (4.8) we have
α (e2α
a1
1 α
a3
3 )α
−1 = (α · e2)αa11 αa3b1b
−1
4
3 ,
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where
α · e2 = r3b4pe1 + b4e2,
so
α (e2α
a1
1 α
a3
3 )
b−14 α−1 ∈ e2αa1b
−1
4
1 α
a3b1b
−2
4
3 〈e1〉 .
Thus, if we conjugate the subgroup 〈e1, e2α3〉 with the automorphism represented by(
c−1 0
0 c−1
)
, then we get the subgroup 〈e1, e2αc3〉; if we conjugate the subgroup 〈e1, e2α1〉
with the automorphism represented by
(
1 0
0 a−11
)
, then we get 〈e1, e2αa11 〉; and finally
if we conjugate the subgroup 〈e1, e2α1α3〉 with the automorphism represented by(
a−2c 0
0 a−1
)
for a 6= 0, then we get 〈e1, e2αa1αc3〉.
Therefore, from above regular subgroups, we see that the only non-isomorphic
braces here are
〈e1, e2α3〉 ∼= Cp2 × Cp, 〈e1, e2α1〉 , 〈e1, e2α1α3〉 ∼= M2, (4.13)
since we cannot conjugate an abelian group to a nonabelian group, and we cannot
conjugate α1 to get α1α3.
In summary: if G ⊆ Hol(Cp2 × Cp) is a regular subgroup with |Θ(G)| = p,
then G is isomorphic to either Cp2 ×Cp or M2. In particular, combining lists (4.10)
and (4.12), if G is isomorphic to Cp2 × Cp, then the subgroup G is precisely one of
〈e2, e1αc1〉 , 〈e2, e1αa1αc2〉 ,
〈
e1 + de2, e2α
−cd
1 α
c
3
〉 ∼= Cp2 × Cp
for a, d = 0, ..., p− 1, c = 1, ..., p− 1,
and there are (counting the subgroups whose descriptions is directly in the final two
lines above)
(p− 1) + (p− 1)p+ (p− 1)p = (2p+ 1)(p− 1)
of these; if G is isomorphic to M2, then G is precisely one of〈
e2, e1α
a
1α
b
2α
c
3
〉
, 〈e1 + d2e2, e2αa11 〉 , 〈e1 + de2, e2αa21 αc13 〉 ∼= M2
for a, a1, a2, b, d, d2 = 0, ..., p− 1, c1 = 1, ..., p− 1 with a2 + c1d 6≡ 0 mod p,
and there are
(p− 1)p2 + (p− 1)p+ (p− 1)p2 − (p− 1)p = 2(p− 1)p2
of these.
The corresponding braces, combining lists (4.11) and (4.13), are
〈e2, e1α1〉 , 〈e2, e1α2〉 , 〈e1, e2α3〉 ∼= Cp2 × Cp,
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〈e2, e1α3〉 , 〈e2, e1αs2α3〉 , 〈e1, e2α1〉 , 〈e1, e2α1α3〉 ∼= M2 for s = 1, δ.
Corollary 4.2.3. We have
e(Cp2 × Cp, Cp2 × Cp, p) = (2p+ 1)(p− 1),
e(M2, Cp2 × Cp, p) = 2p2,
and e(G,Cp2 × Cp, p) = 0 for G  Cp2 × Cp or M2.
Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p) = 3,
e˜(M2, Cp2 × Cp, p) = 5,
and e˜(G,Cp2 × Cp, p) = 0 for G  Cp2 × Cp or M2.
Proof. Follows from Lemma 4.2.2, and the calculation
e(M2, Cp2 × Cp, p) def= |Aut(M2)||Aut(Cp2 × Cp)|e
′(M2, Cp2 × Cp, p)
=
p3(p− 1)
p3(p− 1)2 × 2(p− 1)p
2 = 2p2.
Lemma 4.2.4. For |Θ(G)| = p2 there are exactly
(2p− 1)(p− 1)p
regular subgroups isomorphic to Cp2 × Cp and exactly
(2p− 3)(p− 1)p2
regular subgroups isomorphic to M2 contained in Hol(Cp2 × Cp).
Furthermore, there are five (Cp2 × Cp)-braces of Cp2 ×Cp type and 4(p− 1) M2-
braces of Cp2 × Cp type.
Proof. If G ⊆ Hol(Cp2 × Cp) with |Θ(G)| = p2, then we must have Θ(G) ⊆
〈α1, α2, α3〉 a subgroup of order p2 and G∩ (Cp2×Cp) a subgroup of order p. There-
fore, Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1,
and G ∩ (Cp2 × Cp) is one of
〈pe1〉 , 〈bpe1 + e2〉 for b = 0, ..., p− 1.
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We shall consider all subgroups of order p in Cp2 ×Cp and all ways of pairing them
with a subgroup of order p2 of 〈α1, α2, α3〉 which results is a regular subgroup.
Now there are three cases to consider. We start with the subgroup 〈pe1〉 of
Cp2 × Cp on which 〈α1, α2, α3〉 acts trivially. Thus, we consider subgroups of the
form
G = 〈pe1, uα1, vα3〉 , 〈pe1, xα1, yα2αa3〉 for a = 0, ..., p− 1
for some elements u, v, x, y ∈ Cp2 ×Cp with ui, vi, xi, yi = 0, ..., p− 1, where we need
v1 6= 0 or u1 6= 0, similarly, x1 6= 0 or y1 6= 0. This reduces us, using (4.6), to
consider the subgroups
G = 〈uα1, vα3〉 , 〈xα1, yα2αa3〉 .
Case I: Let us consider subgroups of the form
G = 〈uα1, vα3〉 .
Note, for r 6= 0, by (4.7) we have (uα1)r ∈ ruαr1 〈pe1〉, so ruαr1 ∈ G. Now we have
(ruαr1) (vα3) = (rv1pe1) (ru+ v)α
r
1α3 and
(vα3) (ruα
r
1) = (ru2pe1) (ru+ v)α
r
1α3. (4.14)
so G has order p3, and is abelian if and only if u2 = v1. We can consider two subcases
for when u1 = 0 and u1 6= 0.
Subcase I.1: If u1 = 0, then using (4.6) uα1 has order p, and for G to be regular
we need u2, v1 6= 0, so using (4.6) the element vα3 has order p2, and using (4.14) the
generators commute if and only if u2 = v1.
Therefore, for u2 = v1 we find regular subgroups isomorphic to Cp2 × Cp
〈v1e2α1, vα3〉 ∼= Cp2 × Cp
for v2 = 0, ..., p− 1, v1 = 1, ..., p− 1, (4.15)
and if u2 6= v1, letting r = (v1 − u2)−1 v1 in (4.14), we find regular subgroups
isomorphic to M2
〈u2e2α1, vα3〉 ∼= M2
for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1 with u2 − v1 6≡ 0 mod p. (4.16)
To find the non-isomorphic braces corresponding to the above regular subgroups,
we note that for an arbitrary automorphism α = αr33 β
def
= αr33
(
b1 0
b3 b4
) ∈ Aut(Cp2×Cp),
4.2 Regular subgroups in Hol(Cp2 × Cp) 65
using (4.8), we have
α (u2e2α1)α
−1 ∈ b4u2e2α1 〈pe1〉 ,
α (u2e2α1)
b−11 b3 (vα3)
b−11 b4 α−1 ∈ (b4v1e1 + b−11 b4 (b3 (u2 + v1) + b4v2) e2)α3 〈pe1〉 ,
so without loss of generality we can set r3 = 0 and only use β. Furthermore,
we observe that u2e2α1 cannot be conjugated to u˜α1 for u˜1 6= 0 and neither of
α1 of α3 can be conjugated to an element involving α2. Now conjugating the
subgroup 〈u2e2α1, vα3〉, when u2 + v1 6≡ 0 mod p, by the automorphism rep-
resented by
(
u−12 0
−u−12 v2(u2+v1)−1 u−12
)
we get
〈
e2α1, u
−1
2 v1e1α3
〉
, and, for u2 + v1 ≡
0 mod p, conjugating the subgroup 〈−v1e1α1, vα3〉 with the automorphism rep-
resented by
(
b−11 v
−2
1 0
0 −v−11
)
we get 〈e2α1, (b1v2e2 − e1)α3〉, where we can set b1 = 1
if v2 = 0 and b1 = v
−1
2 if v2 6= 0. Note, the first case implies that conjugating
the subgroup 〈v1e2α1, vα3〉 with the automorphism represented by
(
v−11 0
− 1
2
v−21 v2 v
−1
1
)
we get 〈e2α1, e1α3〉. Now, one can check that the subgroups
〈
e2α1, u
−1
2 v1e1α3
〉
,
〈e2α1,−e1α3〉, 〈e2α1, (e2 − e1)α3〉 for u−12 v1 6= −1 cannot be conjugate to each other.
Therefore, from above regular subgroups we find the non-isomorphic braces
〈e2α1, e1α3〉 ∼= Cp2 × Cp, 〈e2α1, t1e1α3〉 , 〈e2α1, (t2e2 − e1)α3〉 ∼= M2
for t1 = 2, ..., p− 2, t2 = 0, 1. (4.17)
Subcase I.2: If u1 6= 0, then since
(uα1)
−u−11 v1 (vα3) =
(
−u−11 v1u+
1
2
u−11 v1
(
u−11 v1 + 1
)
u1pe1 + v − u−11 v21pe1
)
α
−v1u−11
1 α3
∈ ((−u−11 v1u2 + v2) e2)α−v1u−111 α3 〈pe1〉 ,
for G to be regular we further need u1v2 − u2v1 6≡ 0 mod p, so
G = 〈uα1, vα3〉 = 〈uα1, q2e2αq1α3〉 ,
where q2
def
= (u1v2 − u2v1)u−11 and q def= −v1u−11 . Note, using (4.7) we have
rq2e2α
rq
1 α
r
3 ∈ G.
Now, we have
(uα1) (rq2e2α
rq
1 α
r
3) = (u+ rq2e2)α
1+rq
1 α
r
3 and (4.18)
(rq2e2α
rq
1 α
r
3) (uα1) = (ru2pe1 + rqu1pe1) (u+ rq2e2)α
1+rq
1 α
r
3,
and as before G is abelian if and only if u2 = v1.
4.2 Regular subgroups in Hol(Cp2 × Cp) 66
Therefore, for u2 = v1 we find regular subgroups isomorphic to Cp2 × Cp
〈uα1, (u2e1 + v2e2)α3〉 ∼= Cp2 × Cp (4.19)
for A =
(
u1 u2
u2 v2
)
∈ GL2(Fp) with u1 6= 0.
To determine the number of these subgroups we need to the number of triples
(u1, u2, v2) with u2, v2 = 0, ..., p−1 and u1 = 1, ..., p−1 such that u1v2−u22 6≡ 0 mod p.
In total there are (p− 1)p2 triples with no constraints, and there are (p− 1)p triples
with v2 = u
2
2u
−1
1 ; thus there are
(p− 1)p2 − (p− 1)p = (p− 1)2p
of these subgroups. For the case when u2 6= v1, letting r = u1 (u2 − v1)−1, in (4.18),
we find regular subgroups isomorphic to M2
〈uα1, vα3〉 ∼= M2 (4.20)
for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1, u2 − v1 6≡ 0 mod p.
There are
(p2 − p− 1)(p− 1)p
invertible matrices over Fp of the form ( u1 v1u2 v2 ) with u2 6= v1. The explanation for
this is as follows. Let us find the number of invertible matrices of the form ( u1 u2u2 v2 ).
If u2 = 0, then we have (p − 1)2 choices for u1 and v2. If u2 6= 0 and u1 = 0,
then there are (p − 1)p choices for u2 and v2. If u2 6= 0 and u1 6= 0, then there are
(p− 1)2p− (p− 1)2 choices for u1, u2, and v2. Thus we have exactly
(p− 1)2 + (p− 1)p+ (p− 1)2p− (p− 1)2 = (p− 1)p2
of invertible matrices of the form ( u1 u2u2 v2 ), and so there are
(p2 − 1)(p2 − p)− (p− 1)p2 = (p2 − p− 1)(p− 1)p (4.21)
invertible matrices of the form ( u1 v1u2 v2 ) with u2 6= v1. Now, subtracting from 4.21 the
total number of invertible matrices of the form ( 0 v1u2 v2 ) with u2 6= v1, there are
(p2 − p− 1)(p− 1)p− (p− 1)(p− 2)p = (p2 − 2p+ 1)(p− 1)p
invertible matrices over Fp of the form ( u1 v1u2 v2 ) with u2 6= v1 and u1 6= 0.
To find the non-isomorphic braces corresponding to the above regular subgroups,
we note that, without loss of generality, we can work with an automorphism of the
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form β
def
=
(
b1 0
b3 b4
) ∈ Aut(Cp2 × Cp). Now using (4.8) we have
β (uα1) β
−1 = (b1u1e1 + (b3u1 + b4u2) e2)α1,
β (uα1)
b−11 b3 (vα3)
b−11 b4 β−1 =
(
b−11 b3β · u+ b−11 b4β · v + κpe1
)
α3,
for some κ. We let B0
def
= ( u1 v1u2 v2 ) and write det(B0) = s
2
1s where s = 1, δ and
s1 ∈ F×p for δ which is not a square modulo p as we fixed in (4.1). Then setting
b3 = −b4u−11 u2 and b1 = u−11 we have
β (uα1) β
−1 = e1α1,
β (uα1)
b−11 b3 (vα3)
b−11 b4 β−1 =
(−b4u2e1 + (u1v2 − u2v1) b24e2 + b4v1e1 + κpe1)α3,
so conjugating 〈uα1, vα3〉 by
(
u−11 0
∓u−11 s−11 u2 ±s−11
)
gives
〈
e1α1,
(±s−11 (v1 − u2) e1 + se2)α3〉,
and none of these subgroups are further conjugate to each other.
Therefore, we find non-isomorphic braces
〈e1α1, se2α3〉 ∼= Cp2 × Cp, 〈e1α1, (t3e1 + se2)α3〉 ∼= M2
for t3 = 1, ...,
1
2
(p− 1). (4.22)
Case II: Next we consider subgroups of the form
G = 〈xα1, yα2αa3〉 .
Note, as before for r 6= 0 using (4.7) we have rxαr1 ∈ G. Now we find
(rxαr1) (yα2α
a
3) = (ry1pe1) (rx+ y)α
r
1α2α
a
3, and
(yα2α
a
3) (rxα
r
1) = (rax2pe1 + rx1e2) (rx+ y)α
r
1α2α
a
3, (4.23)
so for G to have order p3 we need
(yα2α
a
3) (rxα
r
1) (yα2α
a
3)
−1 (rxαr1)
−1 = rax2pe1 − ry1pe1 + rx1e2 ∈ 〈pe2〉 ,
which implies that we need to set x1 = 0. Then for G to be regular we need
x2, y1 6= 0, so using (4.6) the element yα2αa3 has order p2, and using 4.23 the group
G is abelian if and only if ax2 ≡ y1 mod p.
Therefore, for ax2 ≡ y1 mod p we find regular subgroups isomorphic to Cp2 ×Cp
〈x2e2α1, (ax2e1 + y2e2)α2αa3〉 ∼= Cp2 × Cp
for y2 = 0, ..., p− 1, a, x2 = 1, ..., p− 1. (4.24)
If ax2 6≡ y1 mod p, then setting r = y1 (y1 − ax2)−1 in (4.23), we find regular
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subgroups isomorphic to M2
〈x2e2α1, yα2αa3〉 ∼= M2 (4.25)
for a, y2 = 0, ..., p− 1, y1, x2 = 1, ..., p− 1 with ax2 − y1 6≡ 0 mod p,
and we note that there are
(p− 1)2p2 − (p− 1)2p = (p− 1)3p
of these.
To find the non-isomorphic braces corresponding to the above regular subgroups
we note that for an arbitrary automorphism of the form β
def
=
(
b1 0
b3 b4
) ∈ Aut(Cp2×Cp)
using (4.8) we have
(αr33 β) (x2e2α1) (α
r3
3 β)
−1 = (b4x2e2 + b4r3pe1)α1 and
(αr33 β) (x2e2α1)
ab1b3b
−2
4 −r3− 12ab1b−14 (b1b−14 −1) (yα2αa3)
b1b
−1
4 (αr33 β)
−1 =((
ab1b3b
−1
4 − b4r3 −
1
2
ab1
(
b1b
−1
4 − 1
))
x2e2 + b1b
−1
4 β · y +
1
2
b1
(
b1b
−1
4 − 1
)
y1e2 + κpe1
)
α2α
ab21b
−2
4
3 ,
for some κ and r3. Let us write x2y1 = s
−2
1 s where s = 1, δ and s1 ∈ F×p . Then
conjugating the subgroup 〈x2e2α1, yα2αa3〉 with the automorphism represented by
αr33
(
s1 0
0 x−12
)
, where
r3 = −1
2
as1 (x2s1 − 1) + s1y2 + 1
2
s1 (x2s1 − 1) y1,
gives
〈
e2α1, se1α2α
ax2y
−1
1 s
3
〉
and none of these subgroups are further conjugate to
each other.
Therefore, we find non-isomorphic braces
〈e2α1, se1α2αs3〉 ∼= Cp2 × Cp,
〈
e2α1, se1α2α
t4s
3
〉 ∼= M2
for t4 = 0, 2, ..., p− 1. (4.26)
Case III: Finally, we consider the subgroup 〈bpe1 + e2〉 of Cp2 ×Cp and investi-
gate the possibility of pairing this subgroup with the subgroups 〈α1, α3〉 , 〈α1, α2αa3〉.
We consider a pairing of the form
G = 〈bpe1 + e2, uα1, vαa22 αa33 〉 for (a2, a3) 6= (0, 0) ,
but for G to have order p3 we need u1 ≡ v1 ≡ 0 mod p, which implies that G cannot
be regular since we find e1 6∈ Orb(0).
In summary: if G ⊆ Hol(Cp2 × Cp) is a regular subgroup with |Θ(G)| = p2,
then G is isomorphic to either Cp2 × Cp or M2. In particular, if G is isomorphic to
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Cp2 × Cp, then, combining (4.15), (4.19), and (4.24), the subgroup G is exactly one
of
〈v1e2α1, vα3〉 for v2 = 0, ..., p− 1, v1 = 1, ..., p− 1,
〈uα1, (u2e1 + v2e2)α3〉 for A =
(
u1 u2
u2 v2
)
∈ GL2(Fp), with u1 6= 0,
〈x2e2α1, (ax2e1 + y2e2)α2αa3〉 for y2 = 0, ..., p− 1, a, x2 = 1, ..., p− 1,
and there are exactly
(p− 1)p+ (p− 1)2p+ (p− 1)2p = (2p− 1)(p− 1)p
of them, and if G is isomorphic to M2, then, combining (4.16), (4.20), and (4.25),
the subgroup G is exactly one of
〈u2e2α1, vα3〉 for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1 with u2 − v1 6≡ 0 mod p,
〈uα1, vα3〉 for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1, u2 − v1 6≡ 0 mod p,
〈x2e2α1, yα2αa3〉 for a, y2 = 0, ..., p− 1, y1, x2 = 1, ..., p− 1 with ax2 − y1 6≡ 0 mod p,
and there are
(p− 1)(p− 2)p+ (p2− p− 1)(p− 1)p− (p− 1)(p− 2)p+ (p− 1)3p = (2p− 3)(p− 1)p2
of them.
The corresponding braces, combining (4.17), (4.22), and (4.26), are
〈e2α1, e1α3〉 , 〈e1α1, se2α3〉 , 〈e2α1, se1α2αs3〉 ∼= Cp2 × Cp,
〈e2α1, t1e1α3〉 , 〈e2α1, (t2e2 − e1)α3〉 , 〈e1α1, (t3e1 + se2)α3〉 ,
〈
e2α1, se1α2α
t4s
3
〉 ∼= M2
for s = 1, δ, t1 = 2, ..., p− 2, t2 = 0, 1, t3 = 1, ..., 1
2
(p− 1), t4 = 0, 2, ..., p− 1;
therefore there are five (Cp2 × Cp)-braces of Cp2 × Cp type and
(p− 3) + 2 + (p− 1) + 2(p− 1) = 4(p− 1)
M2-braces of Cp2 × Cp type.
Corollary 4.2.5. We have
e(Cp2 × Cp, Cp2 × Cp, p2) = (2p− 1)(p− 1)p,
e(M2, Cp2 × Cp, p2) = (2p− 3)p2,
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and e(G,Cp2 × Cp, p2) = 0 for G  Cp2 × Cp or M2.
Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p2) = 5,
e˜(M2, Cp2 × Cp, p2) = 4(p− 1),
and e˜(G,Cp2 × Cp, p2) = 0 for G  Cp2 × Cp or M2
Proof. Follows from Lemma 4.2.4, and calculation similar to Corollary 4.2.3.
Lastly, if G ⊆ Hol(Cp2 × Cp) with |Θ(G)| = p3, then we must have Θ(G) =
〈α1, α2, α3〉, and so
G = 〈uα1, vα2, wα3〉 .
Now, for G to have size p3 we require u1, v1, w1 ≡ 0 mod p, but this will imply that
G cannot be regular.
4.3 Regular subgroups in Hol(C3p)
In this section we classify the regular subgroups contained in Hol(C3p) and the braces
of C3p type. The main result of this section is the following.
Proposition 4.3.1. We have
e(C3p , C
3
p) = (p
4 + p3 − 1)p2,
e(M1, C
3
p) = (p
2 + p− 1)p2,
and e(G,C3p) = 0 for G  C3p or M1.
Furthermore, we have
e˜(C3p , C
3
p) = 5,
e˜(M1, C
3
p) = 2p+ 1,
and e˜(G,C3p) = 0 for G  C3p or M1.
The proof of the proposition above follows from the calculation in the rest of this
section, particularly by adding the relevant numbers in Corollaries 4.3.3 and 4.3.5.
Recall, from Section 3.3 we have
C3p
def
= 〈ρ, σ, τ | ρp = σp = τ p = 1, ρσ = σρ, τρ = ρτ, τσ = στ〉 .
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To make the notations easier we shall often use the identification C3p
∼= F3p by
ρ 7−→ e1 def=
10
0
 , σ 7−→ e2 def=
01
0
 , τ 7−→ e3 def=
00
1
 .
Now, the holomorph of C3p can be identified with the affine transformations of F3p,
thus we work with
Hol(C3p)
∼= {[t, A] | t ∈ F3p, A ∈ GL3(Fp)} .
Note, we have a surjective group homomorphism
det : GL3(Fp) −→ F×p
whose kernel is Ker det = SL3(Fp), the 3 × 3 matrices over Fp whose determinant
is one. Now the image of a subgroup of Hol(C3p) of order p
3 in Aut(C3p) under the
natural projection
Θ : Hol(C3p) −→ Aut(C3p)
must lie in SL3(Fp); thus any subgroup of Hol(C3p) of order p3 lies in
C3p o SL3(Fp).
If G is a subgroup of order p3 in Hol(C3p), then we can have |Θ(G)| = 1, p, p2, or
p3. In particular, Θ(G) lies in a conjugate, by an element of SL3(Fp), of the Sylow
p-subgroup of SL3(Fp)
B(C3p)
def
= 〈A1, A2, A3〉 ∼= M1
[cf. Rob96, p. 39, 1.6.16 (Sylow’s Theorem)] where
A1
def
=
1 0 10 1 0
0 0 1
 , A2 def=
1 0 00 1 1
0 0 1
 , A3 def=
1 1 00 1 0
0 0 1
 . (4.27)
Note the matrices A1, A2, and A3 have order p, and they satisfy
A2A1 = A1A2, A1A3 = A3A1, A3A2 = A1A2A3.
We have
e(C3p , C
3
p , 1) = e˜(C
3
p , C
3
p , 1) = 1,
e(G,C3p , 1) = e˜(G,C
3
p , 1) = 0 if G 6= C3p .
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
4.3 Regular subgroups in Hol(C3p) 72
But before we begin, we note that if A ∈ SL3(Fp) is an element of order p, then
as mentioned above, A is conjugate to an element of the form
B =
b1 b2 b3b4 b5 b6
0 0 b7
 ∈ GL3(Fp).
Let B1
def
=
(
b1 b2
b4 b5
)
and y
def
=
(
b3
b6
)
. Then we can write B =
(
B1 y
0 b7
)
, and for r ≥ 1 we
have
Br =
(
Br1
(
Br−11 +B
r−2
1 b7 + · · ·+ br−17
)
y
0 br7
)
,
so if B has order p i.e., Bp = I and B 6= I, then bp7 = b7 = 1 and Bp1 = I. Note, in
such case for any v ∈ F3p we have
[v,B]p =
[(
I +B + · · ·+Bp−1) (v), Bp] = [(I +B + · · ·+Bp−1) (v), I] ,
where
I +B + · · ·+Bp−1
=
(
Bp−11 + · · ·+ I
((
Bp−21 + · · ·+ I
)
+
(
Bp−31 + · · ·+ I
)
+ I
)
y
0 0
)
=
(∑p−1
j=0 B
j
1
(
Bp−21 + 2B
p−3
1 + 3B
p−4
1 + · · ·+ (p− 2)B1 + (p− 1) I
)
y
0 0
)
=
(∑p−1
j=0 B
j
1
(∑p−1
j=1 jB
p−1−j
1
)
y
0 0
)
.
Now, since Bp1 = I, we have that B1 is conjugate to a matrix of the form (
1 b
0 1 ) which
implies that
∑p−1
j=0 B
j
1 = 0 since p > 2, also
p−1∑
j=1
j
(
1 b
0 1
)p−1−j
=
(∑p−1
j=1 j
∑p−1
j=1 j (p− j − 1) b
0
∑p−1
j=1 j
)
=
(
1
2
(p− 1) p 1
2
b (p− 1)2 p− 1
6
bp (p− 1) (2p− 1)
0 1
2
(p− 1) p
)
,
so
p−1∑
j=1
jBp−1−j1 = 0 since p > 3,
which implies that
I +B + · · ·+Bp−1 = 0.
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Thus it follows that, when p > 3, we have
[v,B]p = 1 for any B such that Bp = I and v ∈ F3p. (4.28)
Let us further note that if
B =
(
B1 y
0 b7
)
, B˜ =
(
B˜1C y˜
0 b˜7
)
∈ GL3(Fp)
are 3× 3 matrices, where B1, B˜1 are 2× 2 matrices and y, y˜ are column vectors, and
CB1C
−1 = B1, then we have a conjugation formula:
[
1, B˜
]
[v,B]
[
1, B˜−1
]
=
[
B˜(v),
(
B˜1C y˜
0 b˜7
)(
B1 y
0 b7
)(
C−1B˜−11 −b˜−17 C−1B˜−11 y˜
0 b˜−17
)]
=
[
B˜(v),
(
B˜1B1B˜
−1
1 b˜
−1
7 b7y˜ − b˜−17 B˜1B1B˜−11 y˜ + b˜−17 B˜1Cy
0 b7
)]
. (4.29)
This conjugation formula we shall use when finding non-isomorphic braces. From
now on to simplify the notation we shall use our alternative notation and simply
write tA to denote the element [t, A] ∈ Hol(C3p), also we identify C3p with its image
inside Hol(C3p) i.e., write t for the element [t, I] ∈ Hol(C3p).
Lemma 4.3.2. For |Θ(G)| = p there are exactly
(p3 − 1)(p+ 1)
regular subgroups isomorphic to C3p and exactly
(p3 − 1)(p+ 1)p2
regular subgroups isomorphic to M1 contained in Hol(C
3
p).
Furthermore, there is one C3p -brace of C
3
p type and two M1-braces of C
3
p type.
Proof. If G ⊆ Hol(C3p) with |Θ(G)| = p, then we must have Θ(G) ⊆ SL3(Fp) a
subgroup of order p and G ∩ C3p a subgroup of order p2, so
G = 〈u, v, wA〉
for some A ∈ SL3(Fp) which has order p, and u, v, w ∈ F3p such that
U
def
= 〈u, v〉 ∼= F2p ⊆ F3p and A · U ⊆ U.
Now there are
(p3 − 1)(p3 − p)
(p2 − 1)(p2 − p) =
p3 − 1
p− 1 (4.30)
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distinct subgroups of order p2 in F3p, and if U = 〈u1, u2〉 is any arbitrary subgroup
of F3p of order p2 and x /∈ U , via the automorphism that takes e1, e2, e3 to u1, u2, x
respectively, we can always assume that U = 〈e1, e2〉. In what follows we shall find
the number of regular subgroups which contain 〈e1, e2〉 and then multiply this by
the number of distinct subgroups of order p2 in F3p. Thus, first we fix the subspace
〈e1, e2〉 and find all subgroups of order p in SL3(Fp) and all possible ways of pairing
these groups with 〈e1, e2〉 to give a regular subgroup of Hol(C3p).
Therefore, let U
def
= 〈e1, e2〉 ⊆ F3p. Then the set of matrices of the form
B =
b1 b2 b3b4 b5 b6
0 0 b7
 ∈ SL3(Fp)
is the largest subgroup of SL3(Fp) whose elements fix U , and we let
SL3(Fp)U
def
= {B ∈ SL3(Fp) | B · U ⊆ U} .
We need to find distinct subgroups of order p in SL3(Fp)U so we can pair them with
U to have a chance of obtaining a subgroup of order p3. We shall first find elements
of order p in SL3(Fp)U . For any B ∈ SL3(Fp)U as given above, we let B1 =
(
b1 b2
b4 b5
)
and y =
(
b3
b6
)
. Then we can write B =
(
B1 y
0 b7
)
, so if B has order p i.e., Bp = I and
B 6= I, then b7 = 1 and Bp1 = I. Note in such case we have already calculated that
(vB)p = 1 for all v ∈ F3p by (4.28). Now for B ∈ SL3(Fp)U which has order p we
shall consider two cases when B1 = I and B1 6= I.
Case I: If B1 = I, then we consider subgroups of the form
G = 〈e1, e2, e3B〉 .
Now G is abelian and is isomorphic to C3p since it is generated by elements of order
p and
e1 + e2 = e2 + e1, (e3B)e1 = e1(e3B), (e3B)e2 = e2(e3B).
The group G is regular since it has size p3 and acts on F3p transitively, i.e., since
|Orb(0)| > p2. We count the number of these subgroups. There are p2 − 1 choices
for y, and since B1 = I, we find
p2 − 1 (4.31)
regular subgroups of the form
〈e1, e2, e3B〉 ∼= C3p for B1 = I.
To find the braces corresponding to the above regular subgroups, we note that
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for a matrix
B˜ =
(
B˜1C y˜
0 b˜7
)
∈ GL3(Fp)
using (4.29), we have
B˜(e3B)B˜
−1 ∈ b˜7e3
(
B1 b˜
−1
7 B˜1Cy
0 1
)
〈e1, e2〉 ,
so conjugating the subgroup
〈
e1, e2, e3
(
1 0 0
0 1 1
0 0 1
)〉
with the matrix
(
x1 b3 0
x2 b6 0
0 0 1
)
, where x1
and x2 are such that x1b6 − x2b3 6= 0, we get G.
Therefore, we find a C3p -brace of C
3
p type
〈e1, e2, e3A2〉 ∼= C3p . (4.32)
Case II: If B1 6= I, then B1 is conjugate to B2 = ( 1 b0 1 ) with b 6= 0 by some
element of SL2(Fp). Note, the set of matrices of the form(
a0 b0
0 a−10
)
∈ SL2(Fp)
is the normaliser of 〈B2〉 in SL2(Fp) and has size (p− 1)p; thus there are
|SL2(Fp)|
(p− 1)p =
(p2 − 1)p
(p− 1)p = p+ 1
subgroups of order p in SL2(Fp). Hence, there are
(p+ 1)(p− 1) = p2 − 1
elements of order p in SL2(Fp). Since there are p2 choices for y, we find (p2 − 1)p2
matrices B ∈ SL3(Fp) of order p such that B · U ⊆ U and B1 6= I; consequently
there are (p + 1)p2 subgroups of order p generated by such elements. Without loss
of generality, we can take a matrix
B =
1 1 b30 1 b6
0 0 1
 ∈ SL3(Fp)
and consider subgroups of the holomorph of the form
G = 〈e1, e2, v3e3B〉 for v3 6= 0.
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Note, G is generated by elements of order p, and we have
e1 + e2 = e2 + e1, (vB)e1 = e1(vB), (vB)e2 = (e2 + e1)(vB),
where v = v3e3, also if we replace B1 = ( 1 10 1 ) by one of its conjugates, by say
A0 ∈ SL2(Fp), then we can replace e1 by
(
A0 0
0 1
) · e1 and e2 by ( A0 00 1 ) · e2 and we still
keep the above relations. We further see that G is regular since v3 6= 0.
Now there are p−1 values for v, and as already mentioned since we have (p+1)p2
choices for B, we have
(p+ 1)(p− 1)p2 = (p2 − 1)p2 (4.33)
regular subgroups of the form
〈e1, e2, v3e3B〉 ∼= M1 for v3 = 1, ..., p− 1 and B1 6= I.
To find the braces corresponding to the above regular subgroups we note that
for a matrix
B˜ =
(
B˜1C y˜
0 b˜7
)
∈ GL3(Fp)
and B as above, i.e., which fixes U and has order p with B1 6= I, and C such that
CB1C
−1 = B1, using (4.29), we have
B˜(e3B)B˜
−1 = b˜7e3
(
B˜1B1B˜
−1
1 b˜
−1
7 y˜ − b˜−17 B˜1B1B˜−11 y˜ + b˜−17 B˜1Cy
0 1
)
.
This means that we can conjugate G to a subgroup of the form〈
e1, e2, e3
(
1 1 b3
0 1 b6
0 0 1
)〉 ∼= M1 for b3, b6 = 0, ..., p− 1.
Now by choosing suitable C and y˜ we see that if b6 = 0, then G is conjugate to〈
e1, e2, e3
(
1 1 0
0 1 0
0 0 1
)〉
, and if b6 6= 0, then G is conjugate to
〈
e1, e2, e3
(
1 1 0
0 1 1
0 0 1
)〉
, and
these two subgroups cannot be conjugate to each other or to the brace found in
4.32.
Therefore, we find two M1-braces of C
3
p type
〈e1, e2, e3A3〉 , 〈e1, e2, e3A2A3〉 ∼= M1. (4.34)
Conclusion: Therefore, to find the total number of regular subgroups, we mul-
tiply the numbers in the (4.31) and (4.33) by the number of distinct subgroups of
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order p2 in F3p given in (4.30); thus there are exactly
p3 − 1
p− 1 × (p
2 − 1) = (p3 − 1)(p+ 1)
regular subgroups isomorphic to C3p and exactly
p3 − 1
p− 1 × (p
2 − 1)p2 = (p3 − 1)(p+ 1)p2,
regular subgroups isomorphic to M1 contained in Hol(C
3
p) with |Θ(G)| = p.
The corresponding braces, combining (4.32) and (4.34), are
〈e1, e2, e3A2〉 ∼= C3p , 〈e1, e2, e3A3〉 , 〈e1, e2, e3A2A3〉 ∼= M1.
Corollary 4.3.3. We have
e(C3p , C
3
p , p) = (p
3 − 1)(p+ 1),
e(M1, C
3
p , p) = (p+ 1)p
2,
and e(G,C3p , p) = 0 for G  C3p or M1.
Furthermore, we have
e˜(C3p , C
3
p , p) = 1,
e˜(M1, C
3
p , p) = 2,
and e˜(G,C3p , p) = 0 for G  C3p or M1.
Proof. Follows from Lemma 4.3.2, and the computation of
e(M1, C
3
p , p)
def
=
|Aut(M1)|∣∣Aut(C3p)∣∣e′(G,C3p , p)
=
p2(p2 − 1)(p2 − p)
(p3 − 1)(p3 − p)(p3 − p2) × (p
3 − 1)(p+ 1)p2 = (p+ 1)p2.
Lemma 4.3.4. For |Θ(G)| = p2 there are exactly
(p3 − 1)(p2 + p− 1)p
regular subgroups isomorphic to C3p and exactly
(p3 − 1)(p2 − 2)p2
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regular subgroups isomorphic to M1 contained in Hol(C
3
p).
Furthermore, there are three C3p -braces of C
3
p type and 2p − 1 M1-braces of C3p
type.
Proof. If G ⊆ Hol(C3p) with |Θ(G)| = p2, then we must have Θ(G) ⊆ SL3(Fp) a
subgroup of order p2 and G ∩ C3p a subgroup of order p. Thus,
G =
〈
u, vA,wA˜
〉
,
where
〈
A, A˜
〉 ∼= C2p and u, v, w ∈ F3p with u 6= 0 and 〈u〉 is a subspace of F3p fixed
under A and A˜. We shall find the number of regular subgroups which contain 〈e1〉
and then multiply this by the number of distinct subgroups of order p in F3p which
is
p3 − 1
p− 1 . (4.35)
Therefore, we fix the subspace 〈e1〉, find all subgroups of order p2 in SL3(Fp) which
fix 〈e1〉, and find all possible ways of pairing these subgroups with 〈e1〉 to give a
regular subgroup of Hol(C3p).
Let U
def
= 〈e1〉 ⊆ F3p. Then the set of matrices of the form
B =
b1 b2 b30 b4 b5
0 b6 b7
 ∈ SL3(Fp)
is the largest subgroup of SL3(Fp) whose elements fix U , and we let
SL3(Fp)U
def
= {B ∈ SL3(Fp) | B · U ⊆ U} .
Note,
|SL3(Fp)U | = (p2 − 1)(p− 1)p3.
Now we need to find subgroups of order p2 in SL3(Fp)U so we can pair them with
the subspace U to have a chance of obtaining a subgroup of order p3 in Hol(C3p).
Recall we denoted by
B(C3p)
def
= 〈A1, A2, A3〉 ∼= M1,
with A1, A2, and A3 as given in (4.27). We observe B(C
3
p) ⊆ SL3(Fp)U is a Sylow
p-subgroup. Note, the group B(C3p) contains p + 1 distinct subgroups of order p
2
which are of the form
〈A1, A3〉 ,
〈
A1, A2A
d
3
〉
for d = 0, ..., p− 1.
We shall first count the number of Sylow p-subgroups in SL3(Fp)U which is the index
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of the normaliser of B(C3p) in SL3(Fp)U . We find that the set of matrices of the form
A =
a1 a2 a30 a4 a5
0 0 a−11 a
−1
4
 ∈ SL3(Fp)U
is the normaliser of B(C3p) in SL3(Fp)U and has size (p− 1)2p3; thus the number of
Sylow p-subgroups of SL3(Fp)U is
(p2 − 1)(p− 1)p3
(p− 1)2p3 = p+ 1,
and they are all isomorphic to B(C3p).
Therefore, there can be at most (p + 1)2 distinct subgroups of order p2 in
SL3(Fp)U . Note, for any matrix
B =
b1 b2 b30 b4 b5
0 b6 b7
 ∈ SL3(Fp)U ,
by a matrix calculation (it can be verified by hand, by using a matrix calculator, or
using a conjugation formula similar to 4.29) one can see that
BA1B
−1 ∈ 〈A1, A3〉 and BA3B−1 ∈ 〈A1, A3〉 ,
but BA2B
−1 ∈ B(C3p) if and only if b6 = 0. When b6 = 0 we find that
BA1B
−1 = Ab
−1
4 b
−2
7
1 ,
BA2B
−1 = Ab2b
−1
7
1 A
b4b
−1
7
2 ,
BA3B
−1 = A−b5(b4b7)
−2
1 A
b−24 b
−1
7
3 ;
thus we have
(BA2A
d
3B
−1)b
−1
4 b7 =
(
A
b2b
−1
7
1 A
b4b
−1
7
2 A
−b5(b4b7)−2d
1 A
b−24 b
−1
7 d
3
)b−14 b7
= Ak1A2A
b−34 d
3
for some k. This implies that, when b6 = 0, we have
B 〈A1, A2〉B−1 ⊆ 〈A1, A2〉 ,
B 〈A1, A3〉B−1 ⊆ 〈A1, A3〉 ,
B
〈
A1, A2A
d
3
〉
B−1 ⊆
〈
A1, A2A
b−34 d
3
〉
for d = 1, ..., p− 1.
Now let Sp2 denote the set of subgroups of order p
2 in SL3(Fp)U . Then the action
by conjugation by elements of SL3(Fp)U on SL3(Fp)U induces an action on Sp2 which
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makes Sp2 into a disjoint union of orbits. There can be at most p + 1 orbits and
each orbit can have at most p+ 1 elements; we are interested in the cardinality |Sp2|
which is hence bounded by
p+ 1 ≤ |Sp2| ≤ (p+ 1)2.
As seen above, all matrices of SL3(Fp)U fix 〈A1, A3〉 ∈ Sp2 , and so
|Orb(〈A1, A3〉)| = 1.
The set of matrices which fix 〈A1, A2〉 is exactly the normaliser of B(C3p) in SL3(Fp)U
so |Stab(〈A1, A2〉)| = (p− 1)2p3; thus
|Orb(〈A1, A2〉)| = (p
2 − 1)(p− 1)p3
(p− 1)2p3 = p+ 1.
Now, for the orbits Orb(
〈
A1, A2A
d
3
〉
), for d = 1, ..., p− 1, since we have
B
〈
A1, A2A
d
3
〉
B−1 ⊆
〈
A1, A2A
b−34 d
3
〉
for d = 1, ..., p− 1,
one can consider, although it will lead to the same results, two cases when 3 - p− 1
and 3 | p− 1. If 3 - p− 1, then raising to the power of 3 and inversion are bijections
of F×p onto itself, and so b−34 takes all values in F×p as b4 runs through all values of F×p ;
thus there remains only one further orbit, which we can take to be Orb(〈A1, A2A3〉).
Then the subgroup 〈A1, A2A3〉 has as stabiliser the set of matrices of the form
B =
b1 b2 b30 1 b5
0 0 b−11
 ∈ SL3(Fp)U ,
which has size (p− 1)p3; thus we have
|Orb(〈A1, A2A3〉)| = (p
2 − 1)(p− 1)p3
(p− 1)p3 = p
2 − 1;
hence, when 3 - p− 1, we have
|Sp2| = 1 + p+ 1 + p2 − 1 = p2 + p+ 1.
If 3 | p − 1, then there are precisely 1
3
(p − 1) cubic residues modulo p. Taking
three representative from the classes of non-cubic residues in F×p /(F×p )3 we find three
orbits of the form Orb(
〈
A1, A2A
d
3
〉
) for three values of d, they each have as stabiliser
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the set of matrices of the form
B =
b1 b2 b30 b4 b5
0 0 b−11 b
−1
4
 ∈ SL3(Fp)U with b34 = 1
which has size 3(p− 1)p3, and so
∣∣Orb(〈A1, A2Ad3〉)∣∣ = (p2 − 1)(p− 1)p33(p− 1)p3 = 13(p2 − 1),
and again we find
|Sp2| = 1 + p+ 1 + 31
3
(p2 − 1) = p2 + p+ 1.
Next, we shall classify all regular subgroups G ⊆ Hol(C3p) with |Θ(G)| = p2
which contain 〈e1〉. By above arguments we can consider three cases according to
the classes
Orb(〈A1, A2〉), Orb(〈A1, A3〉), Orb(
〈
A1, A2A
d
3
〉
).
Case I: Let us consider subgroups of the form
G = 〈e1, uA1, vA2〉
for some vectors u, v, and we may assume u1 = v1 = 0. Note, by (4.28) we have
(uA1)
p = (vA2)
p = 1, also we have
(uA1)(vA2) = (u+ v + v3e1)A1A2 and
(vA2)(uA1) = (u+ v + u3e2)A1A2,
and so
(uA1)(vA2)(uA1)
−1(vA2)−1 = ((u+ v + v3e1)A1A2) ((u+ v + u3e2)A1A2)
−1
= ((v3e1((u+ v)A1A2))
(
((u+ v)A1A2)
−1) (−u3e2)
= v3e1 − u3e2,
which implies that for G to have order p3 we need to set u3 = 0. Further, note
(vA2)
r2 = (r2v + k2e2)A
r2
2 ,
where
k2
def
=
1
2
r2(r2 − 1)v3.
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Then, for any r1 and r2, we have
(uA1)
r1(vA2)
r2 = (r1u+ r2v + r1r2v3e1 + k2e2)A
r1
1 A
r2
2 ,
and so for G to be regular we need u2, v3 6= 0. Note, that we have
(uA1)v3e1 = v3e1(uA1), (vA2)v3e1 = v3e1(vA2);
we also calculate
(uA1)(vA2) = (u+ v + v3e1)A1A2 and
(vA2)(uA1) = (u+ v)A1A2,
so, replacing e1 with v3e1 if necessary, we find regular subgroups
〈e1, u2e2A1, vA2〉 ∼= M1 for u2, v3 = 1, ..., p− 1, v2 = 0, ..., p− 1.
Recall we had |Orb(〈A1, A2〉)| = p+ 1.
Therefore, we have
(p+ 1)(p− 1)2p (4.36)
subgroups of the form
〈
e1, uA, vA˜
〉 ∼= M1, where A, and A˜ are conjugates of A1 and
A2 in SL3(Fp)U .
To find the braces corresponding to the above regular subgroups we note that
for a matrix
B =
b1 b2 b30 b4 b5
0 0 b7
 = (b1 y
0 B1
)
∈ GL3(Fp)U ,
with y = ( b2 b3 ) and B1 =
(
b4 b5
0 b7
)
, by a matrix calculation we find
BA
b−11 b7
1 B
−1 = A1,
BA
−b−11 b2b−14 b7
1 A
b−14 b7
2 B
−1 = A2,
so we find
B(u2e2A1)
b−11 b7B−1 = (b−11 b4b7u2e2)A1
and
B(u2e2A1)
−b−11 b2b−14 b7(vA2)b
−1
4 b7B−1 =((
1
2
(b−14 b7 − 1)v3 − b−11 b2u2
)
b7e2 + b
−1
4 b7B1 · v + κe1
)
A2
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for some κ.
Therefore, if we conjugate the subgroup
〈e1, e2A1, e3A2〉 ∼= M1 (4.37)
by the matrix
B =
v
2
3u
−1
2 0 0
0 v3 v2
0 0 v3

we get the subgroup 〈e1, u2e2A1, vA2〉, and so we find one C3p -brace of M1 type.
Case II: Next, we consider subgroups of the form
G = 〈e1, uA1, vA3〉
for some vectors u, v with u1 = v1 = 0. Then, using (4.28), we have (uA1)
p =
(vA3)
p = 1. Note that we have
(uA1)e1 = e1(uA1), (vA3)e1 = e1(vA3);
we also calculate
(uA1)(vA3) = (u+ v + v3e1)A1A3 and
(vA3)(uA1) = (u+ v + u2e1)A1A3,
so G has order p3, and is abelian if and only if u2 = v3. We shall count the cases
when G is regular. First we may assume u, v 6= 0 otherwise G is not regular. Now
note we have
(uA1)
r1 =
(
r1u+
1
2
u3r1 (r1 − 1) e1
)
Ar11 and
(vA3)
r3 =
(
r3v +
1
2
v2r3 (r3 − 1) e1
)
Ar33 ,
thus, we have
(uA1)
r1(vA3)
r3 = (r1u+ r3v + k1e1)A
r1
1 A
r3
3 ,
where
k1
def
=
1
2
v2r3(r3 − 1) + 1
2
u3r1(r1 − 1) + r3r1v3,
we see that G is regular if and only if u and v are linearly independent. Recall, if
u2 = v3, then G is abelian. To count these subgroups we need find the number of
invertible matrices of the form ( u2 v2u3 u2 ). We do this as follows. If u2 = 0, then we
have (p − 1)2 choices for u3 and v2. If u2 6= 0 and u3 = 0, then there are (p − 1)p
choices for u2 and v2. Finally, if u2 6= 0 and u3 6= 0, then there are (p−1)2p−(p−1)2
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choices for u2, u3, and v2.
Therefore, we have exactly
(p− 1)2 + (p− 1)p+ (p− 1)2p− (p− 1)2 = (p− 1)p2 (4.38)
regular subgroups of the form
〈e1, uA1, vA3〉 ∼= C3p with u2 = v3,
and since there are
(p2 − 1)(p2 − p)− (p− 1)p2 = (p2 − p− 1)(p− 1)p
invertible matrices of the form ( u2 v2u3 v3 ) with u2 6= v3, we have exactly
(p2 − p− 1)(p− 1)p (4.39)
regular subgroups of the form
〈e1, uA1, vA3〉 ∼= M1 with u2 6= v3.
To find the non-isomorphic braces corresponding to the above regular subgroups
we note that for a matrix
B =
b1 b2 b30 b4 b5
0 b6 b7
 = (b1 y
0 B1
)
∈ GL3(Fp)U ,
with y
def
= ( b2 b3 ) and B1
def
=
(
b4 b5
b6 b7
)
, we have
B (uA1)
r1
(
vAd22 A
d3
3
)r2
B−1 ∈(
r1
(
1 0
0 B1
) · u+ r2( 1 00 B1 ) · v + k2( 1 00 B1 ) · e2)BAr11 (Ad22 Ad33 )r2 B−1 〈e1〉 ,
where
k2
def
=
1
2
d2r2 (r2 − 1) v3.
Now by a matrix calculation (again quicker to use a matrix calculator) we have
BA
b−11 b7
1 A
b−11 b6
3 B
−1 = A1,
BA
b−11 b5
1 A
b−11 b4
3 B
−1 = A3,
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so we find
B (uA1)
b−11 b7 (vA3)
b−11 b6 B−1 =
(
b−11
(
1 0
0 B1
) · (b7u+ b6v) + ke1)A1,
B(uA1)
b−11 b5 (vA3)
b−11 b4 B−1 =
(
b−11
(
1 0
0 B1
) · (b5u+ b4v) + k′e1)A3
for some integers k and k′. We let B0 = (
v2 u2
v3 u3 ) ∈ GL2(Fp). Then we have
(
1 0
0 B0
) ·
e2 = v and
(
1 0
0 B0
) · e3 = u, so we have
B (uA1)
b−11 b7 (vA3)
b−11 b6 B−1 =
(
b−11
(
1 0
0 B1
) · (b7( 1 00 B0 ) · e3 + b6( 1 00 B0 ) · e2)+ ke1)A1
=
(
b−11
(
1 0
0 B1B0BT1
)
· e3 + ke1
)
A1,
B (uA1)
b−11 b5 (vA3)
b−11 b4 B−1 =
(
b−11
(
1 0
0 B1
) · (b5( 1 00 B0 ) · e3 + b4( 1 00 B0 ) · e2)+ k′e1)A3
=
(
b−11
(
1 0
0 B1B0BT1
)
· e2 + k′e1
)
A3,
where superscript T on a matrix denotes its transpose. Note, the product group
H def= F×p ×GL2(Fp) acts on GL2(Fp) as follows: for (b1, B1) ∈ H and B0 ∈ GL2(Fp)
we set
(b1, B1) ·B0 def= b−11 B1B0BT1 .
Then the elements of the quotient space GL2(Fp)/H give rise to non-isomorphic
braces. We shall find a set of representatives for these elements. Let us write
det(B0) = s
2
1s where s = 1, δ and s1 ∈ F×p .
Note if v2 6= 0, then(
v2,
(
1 0
±v3s−11 ∓v2s−11
))
·
(
v2 u2
v3 u3
)
=
(
1 ±(v3 − u2)s−11
0 s
)
,
if u3 6= 0, then(
u3,
(
0 1
±u3s−11 ∓u2s−11
))
·
(
v2 u2
v3 u3
)
=
(
1 ±(v3 − u2)s−11
0 s
)
,
if v2 = u3 = 0 and u2 6= −v3, then(
u2 + v3,
(
1 1
±v3s−11 ∓u2s−11
))
·
(
v2 u2
v3 u3
)
=
(
1 ±(v3 − u2)s−11
0 s
)
,
and finally if v2 = u3 = 0 and u2 = −v3, then
(u2, I) ·B0 =
(
0 1
−1 0
)
.
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Therefore, when u2 = v3, we find two non-isomorphic braces
〈e1, se3A1, e2A3〉 ∼= C3p , (4.40)
and for u2 6= v3 we find non-isomorphic braces
〈e1, (te2 + se3)A1, e2A3〉 , 〈e1, e2A1,−e3A3〉 ∼= M1
for t = 1, ...,
1
2
(p− 1). (4.41)
Case III: Finally, we consider subgroups of the from
G =
〈
e1, uA1, vA2A
d
3
〉
for a fixed d = 1, ..., p− 1. Then, using (4.28), we have (uA1)p = (vA2Ad3)p = 1. We
further have
(uA1)e1 = e1(uA1), (vA2A
d
3)e1 = e1(vA2A
d
3).
We calculate
(uA1)(vA2A
d
3) = (u+ v + v3e1)A1A2A
d
3 and
(vA2A
d
3)(uA1) = (u+ v + du2e1 + u3e2)A1A2A
d
3.
Thus for G to have order p3 we need to set u3 = 0. Then for G to be regular we
need u2, v3 6= 0. The groups G is abelian when du2 = v3 and isomorphic to M1 when
du2 6= v3.
Therefore, we find regular subgroups
〈
e1, v3d
−1e2A1, vA2Ad3
〉 ∼= C3p for v3 = 1, ..., p− 1, v2 = 0, ..., p− 1;
there are (p− 1)p of them, and
〈
e1, u2e2A1, vA2A
d
3
〉 ∼= M1
for u2, v3 = 1, ..., p− 1, v2 = 0, ..., p− 1 with du2 6= v3,
there are
(p− 1)2p− (p− 1)p = (p− 1)(p− 2)p
of them. Recall, in either case if 3 | p − 1 or not, we have p2 − 1 conjugates for
groups of the from
〈
A1, A2A
d
3
〉
; therefore we have exactly
(p2 − 1)(p− 1)p (4.42)
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regular subgroups of the form
〈
e1, uA, vA˜
′A˜d
〉 ∼= C3p , and we have exactly
(p2 − 1)(p− 1)(p− 2)p (4.43)
regular subgroups of the form
〈
e1, uA, vA˜
′A˜d
〉 ∼= M1, where A, A˜, and A˜′ are
conjugates of A1, A2, and A3 in SL3(Fp)U .
To find the braces corresponding to the above regular subgroups we note that
for a matrix
B =
b1 b2 b30 b4 b5
0 0 b7
 = (b1 y
0 B1
)
∈ GL3(Fp)U ,
with y
def
= ( b2 b3 ) and B1
def
=
(
b4 b5
0 b7
)
, by a matrix calculation we find
BA
b−11 b7
1 B
−1 = A1,
BAl31
(
A2A
d
3
)b−14 b7 B−1 = A2Ab1b−24 b7d3 ,
for some integer l3, so we find
B (u2e2A1)
b−11 b7 B−1 =
(
b−11 b4b7u2e2
)
A1 and
B (u2e2A1)
l3
(
vA2A
d
3
)b−14 b7 B−1 =((
1
2
db7
(
b−14 b7 − 1
)
v3 + b4l3u2
)
e2 + b
−1
4 b7
(
1 0
0 B1
) · v + κe1)A2Ab1b−24 b7d3 .
for some κ. Note, if we set b1 = b
2
4 and b7 = d, then we find
B 〈A1, A2A3〉B−1 =
〈
A1, A2A
d
3
〉
.
Thus, we may consider conjugates of 〈e1, u2e2A1, vA2A3〉 by a matrixb
2
4b
−1
7 b2 b3
0 b4 b5
0 0 b7
 ∈ GL3(Fp)U .
Now conjugating the subgroup
〈e1, e2A1, e3A2A3〉 ∼= C3p (4.44)
by the matrix v3 −v2 00 v3 0
0 0 v3
 ∈ GL3(Fp)U
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we get 〈e1, v3e2A1, vA2A3〉, and conjugating the subgroup
〈e1, e2A1, be3A2A3〉 ∼= M1 for b = v3u−12 6= 1 (4.45)
by the matrix u2 −v2 00 u2 0
0 0 u2
 ∈ GL3(Fp)U
we get
〈e1, u2e2A1, vA2A3〉 with u2 6= v3,
and one can check that none of these regular subgroups are further conjugate to
each other. Therefore, we find one C3p -brace of C
3
p type and p− 2 M1-braces of C3p
type.
Conclusion: Now we sum all the cases to find the total number of regular
subgroups isomorphic to C3p and isomorphic to M1 which contain 〈e1〉. Hence, for
the fix subspace 〈e1〉 we find, by adding the numbers in (4.38) and (4.42),
(p− 1)p2 + (p2 − 1)(p− 1)p = (p2 + p− 1)(p− 1)p (4.46)
regular subgroups isomorphic to C3p and, by adding numbers in (4.39), (4.36), and
(4.43), we find
(p2 − p− 1)(p− 1)p+ (p+ 1)(p− 1)2p+ (p2 − 1)(p− 1)(p− 2)p =
(p2 − 2)(p− 1)p2 (4.47)
regular subgroups isomorphic to M1. Now we multiply the numbers in (4.46) and
(4.47) by the number of distinct subgroups of order p in C3p which is
p3−1
p−1 to find
the total number of regular subgroups with |Θ(G)| = p2, so we have exactly
p3 − 1
p− 1 × (p
2 + p− 1)(p− 1)p = (p3 − 1)(p2 + p− 1)p
regular subgroups isomorphic to C3p and
p3 − 1
p− 1 × (p
2 − 2)(p− 1)p2 = (p3 − 1)(p2 − 2)p2
isomorphic to M1.
The corresponding non-isomorphic braces combining (4.40), (4.44), (4.41), (4.37),
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and (4.45) are
〈e1, se3A1, e2A3〉 , 〈e1, e2A1, e3A2A3〉 ∼= C3p , 〈e1, (t2e2 + se3)A1, e2A3〉 ,
〈e1, e2A1,−e3A3〉 , 〈e1, e2A1, e3A2〉 , 〈e1, e2A1, t3e3A2A3〉 ∼= M1
for s = 1, δ, t2 = 1, ...,
1
2
(p− 1), t3 = 2, ..., p− 1;
therefore, there are three C3p -braces of C
3
p type and
2× 1
2
(p− 1) + 1 + 1 + (p− 2) = 2p− 1
M1-braces of C
3
p type.
Corollary 4.3.5. We have
e(C3p , C
3
p , p
2) = (p3 − 1)(p2 + p− 1)p,
e(M1, C
3
p , p
2) = (p2 − 2)p2,
and e(G,C3p , p
2) = 0 for G  C3p or M1.
Furthermore, we have
e˜(C3p , C
3
p , p
2) = 3,
e˜(M1, C
3
p , p
2) = 2p− 1,
and e˜(G,C3p , p
2) = 0 for G  C3p or M1.
Proof. Follows from Lemma 4.3.4, and calculation similar to Corollary 4.3.3.
Lemma 4.3.6. For |Θ(G)| = p3 there are no regular subgroups contained in Hol(C3p).
Proof. If G ⊆ Hol(C3p) with |Θ(G)| = p3, then we must have Θ(G) ⊆ SL3(Fp) a
subgroup of order p3, so Θ(G) is conjugate to
B(C3p)
def
= 〈A1, A2, A3〉 ∼= M1
by an element of SL3(Fp), and G is isomorphic to Θ(G). Thus we can assume,
without loss of generality, that
G = 〈uA1, vA2, wA3〉
for some vectors
u = v1e1 + u2e2 + u3e3, v = v1e1 + v2e2 + v3e3, w = w1e1 + w2e2 + w3e3.
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Then, finding the relations between the generators of G, we see
(uA1)(vA2) = (u+ v + v3e1)A1A2 and
(vA2)(uA1) = (u+ v + u3e2)A1A2,
so (vA1) and (wA2) commute if and only if u3 = v3 = 0. We have
(uA1)(wA3) = (u+ w + w3e1)A1A3 and
(wA3)(uA1) = (u+ w + u2e1)A1A3
so (wA3) and (uA1) commute if and only if u2 = w3. Finally, we have
(uA1)(vA2)(wA3) = (u+ v + w + v3e1 + w3e1 + w3e2)A1A2A3 and
(wA3)(vA2) = (v + w + v2e1)A3A2,
so (uA1)(vA2)(wA3) = (wA3)(vA2) if and only if
u = (v2 − v3 − w3)e1 − w3e2,
which implies that u1 = v2 − v3 − w3 and u2 = −w3. Thus, gathering all the
conditions together, for G to be isomorphic to M1, we need (note we have u2 = −w3
and u2 = w3 and p 6= 2)
u2 = u3 = v3 = w3 = 0, u1 = v2.
Therefore, we must have
u = v2e1, v = v1e1 + v2e2, w = w1e1 + w2e2.
In this case G can never be regular since A1, A2, and A3 fix the subspace 〈e1, e2〉,
so the subgroup G will fail to be transitive.
4.4 Regular subgroups in Hol(M1)
In this section we classify the regular subgroups contained in Hol(M1) and the skew
braces of M1 type. The main result of this section is the following.
Proposition 4.4.1. We have
e(M1,M1) = (2p
3 − 3p2 + 1)p2,
e(C3p ,M1) = (p
3 − 1)(p2 + p− 1)p2,
and e(G,M1) = 0 for G M1 or C3p .
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Furthermore, we have
e˜(M1,M1) = 2p
2 − p− 3,
e˜(C3p ,M1) = 2p+ 1,
and e˜(G,M1) = 0 for G M1 or C3p .
The proof of the proposition above follows from the calculation in the rest of this
section, particularly by adding the relevant numbers from Corollaries 4.4.3, 4.4.5,
and 4.4.7. First we recall from Section 3.4, that we have
M1
def
= 〈ρ, σ, τ | ρp = σp = τ p = 1, σρ = ρσ, τρ = ρτ, τσ = ρστ〉 .
Note in Lemma 3.4.1, we set the notation that any automorphism α ∈ Aut(M1) can
be represented as
α
def
=
a1a4 − a2a3 b1 b20 a1 a2
0 a3 a4
 ,
where we had
ρα = ρa1a4−a2a3 , σα = ρb1σa1τa3 , τα = ρb2σa2τa4 .
Here we only use matrices as a convenient way to represent the automorphisms;
consequently the composition of two automorphisms may not in general coincide
with the matrix multiplication of their representatives.
Let us denote by
α1
def
=
1 1 00 1 0
0 0 1
 , α2 def=
1 0 00 1 0
0 1 1
 , α3 def=
1 0 10 1 0
0 0 1
 .
Note in Lemma 3.4.1, we had α1 = γ and α3 = β, also we had |Aut(M1)| =
(p2 − 1)(p− 1)p3. Furthermore, we showed that Aut(M1) can be written as
Aut(M1) ∼= C2p oGL2(Fp),
where the factor C2p is generated by automorphisms α1, α3 ∈ Aut(M1). The (left)
action of GL2(Fp) on C2p is given by(
a1 a2
a3 a4
)
· α1 = αa41 α−a23 ,
(
a1 a2
a3 a4
)
· α3 = α−a31 αa13 . (4.48)
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Therefore, the holomorph of M1 can be identified with
Hol(M1) ∼= M1 o (C2p oGL2(Fp)).
Now the image of a subgroup G ⊆ Hol(M1) of order p3 in GL2(Fp) under the
composition of projections
Θ : Hol(M1) −→ Aut(M1) and Ψ : Aut(M1) −→ GL2(Fp)
must lie in one of the p + 1 Sylow p-subgroup of GL2(Fp), which are conjugate to
the subgroup generated by β1
def
= ( 1 01 1 ); thus we have
Θ(G) ⊆ Aβ(M1) def= C2p o
〈
ββ1β
−1〉 ∼= M1 for some β ∈ GL2(Fp),
and so any subgroup of Hol(M1) of order p
3 lies in a subgroup of the form
M1 o Aβ(M1) for some β ∈ GL2(Fp).
Note, the elements α1, α2, α3 ∈ Aut(M1) have order p, and they satisfy
α2α1 = α1α2, α3α1 = α1α3, α3α2 = α1α2α3. (4.49)
Thus, we have 〈α1, α2, α3〉 ∼= M1 is one of the p+ 1 Sylow p-subgroups of Aut(M1),
which is the one we can, and shall, without loss of generality, work with. We have
e(M1,M1, 1) = e˜(M1,M1, 1) = 1 and
e(G,M1, 1) = e˜(G,M1, 1) = 0 if G 6= M1.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
Bute before we begin, it will be useful for our calculations to derive the explicit
formula for (vαa11 α
a2
2 α
a3
3 )
r for natural numbers r, ai and an element v = ρ
v1σv2τ v3 ∈
M1. For this we first note that we have
αa11 α
a2
2 α
a3
3 · v =
1 a1 a30 1 0
0 a2 1
 · v
= ρv1 (ρa1στa2)v2 (ρa3τ)v3
= ρv1ρa1v2ρ
1
2
a2v2(v2−1)σv2τa2v2ρa3v3τ v3
= ρa1v2+
1
2
a2v2(v2−1)+a3v3vτa2v2 . (4.50)
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Now we have
(vαa11 α
a2
2 α
a3
3 )
r =
(
vαa11 α
a2
2 α
a3
3 · v · · · (αa11 αa22 αa33 )r−1 · v
)
(αa11 α
a2
2 α
a3
3 )
r ,
where by using (4.49) and (4.50) we find
(αa11 α
a2
2 α
a3
3 )
j · v = αa1j+
1
2
a2a3j(j−1)
1 α
a2j
2 α
a3j
3 · v
= ρkjvτa2v2j,
with
kj
def
=
(
a1v2j +
1
2
a2a3v2j (j − 1) + 1
2
a2v2 (v2 − 1) j + a3v3j
)
,
for j = 0, ..., r − 1. Thus we have
(vαa11 α
a2
2 α
a3
3 )
r =
(
r−1∏
j=0
ρkjvτa2v2j
)
(αa11 α
a2
2 α
a3
3 )
r
= ρl1vrτ l2a2v2 (αa11 α
a2
2 α
a3
3 )
r , (4.51)
(note order of the product matters and is in increasing j) where
l1 = l1(r)
def
=
r−1∑
j=1
kj +
a2v
2
2
2
r−2∑
j=1
j (j + 1) and
l2 = l2(r)
def
=
r−1∑
j=1
j.
The final second summation in l1 arises by moving the τ
a2v2j terms to gather them
in one place using the fact that τσ = ρστ . Note, here l1 and l2 are divisible by r for
r > 3 a prime number, so we find
(vαa11 α
a2
2 α
a3
3 )
p = 1 (4.52)
for every v ∈M1 since p > 3. Note, further that in (4.51), when a2 = 0, we have
(vαa11 α
a3
3 )
r ∈ vrαra11 αra33 〈ρ〉 , (4.53)
where 〈ρ〉 is a normal subgroup of Hol(M1) since it is a characteristic subgroup of
M1.
It will further be useful, when finding the non-isomorphic braces, to derive the
explicit formula for a term of the form α (vαa11 α
a2
2 α
a3
3 )α
−1 for an automorphism
α ∈ Aut(M1). Now if
α = γβ ∈ Aut(M1) ∼= C2p oGL2(Fp) where
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γ
def
= αr11 α
r3
3 ∈ C2p , β def=
(
b1 b2
b3 b4
)
∈ GL2(Fp),
then, using (4.48), we have
α (vαa11 α
a2
2 α
a3
3 )α
−1 = (α · v)αr11 αr33 α(a1−a2a3)b4−a3b31 α−(a1−a2a3)b2+a3b13 βαa22 β−1α−r11 α−r33 ,
where using the section of the exact sequence in Lemma 3.4.1, we have
β · v = ρdet(β)v1+ 12 (b1b3v2+b2b4v3) (σb1τ b3)v2 (σb2τ b4)v3 ,
which gives
α · v = ρdet(β)v1+ 12(b3b1v22+b4b2v23)+b2b3v2v3+r1(b1v2+b2v3)+r3(b3v2+b4v3)σb1v2+b2v3τ b3v2+b4v3 .
(4.54)
The above implies that, when a2 = 0, we have
α (vαa11 α
a3
3 )α
−1 = (α · v)αa1b4−a3b31 αa3b1−a1b23 , (4.55)
with α · v as given in (4.54), and when a2 6= 0, we can set b2 = 0, since we want to
remain within 〈α1, α2, α3〉, and in this case since we have
βαa22 β
−1 = α
1
2
a2b4(b−11 −1)
1 α
a2b
−1
1 b4
2 ,
so, when b2 = 0, we get
α (vαa11 α
a2
2 α
a3
3 )α
−1 = (α · v)αa1b4−a3b3+r3a2b
−1
1 b4+
1
2
a2b4(b−11 −1)
1 α
a2b
−1
1 b4
2 α
a3b1
3 , (4.56)
where α · v can be calculation using (4.54).
Lemma 4.4.2. For |Θ(G)| = p there are exactly
p4 − p2 − p− 1
regular subgroups isomorphic to M1 and exactly (p+ 1)p
2 regular subgroups isomor-
phic to C3p contained in Hol(M1).
Furthermore, there are 2(p − 1) M1-skew braces of M1 type and two C3p -skew
braces of M1 type.
Proof. If G ⊆ Hol(M1) with |Θ(G)| = p, then we can assume, without loss of
generality, that Θ(G) ⊆ 〈α1, α2, α3〉 is a subgroup of order p. We also have G ∩M1
is a subgroup of order p2. Therefore, Θ(G) is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
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(each occurring p− 1 times) and G ∩M1 is one of
〈ρ, τ〉 , 〈ρ, στ d〉 for d = 0, ..., p− 1.
We shall consider all subgroups of order p2 in M1 and all ways of pairing them with a
subgroup of order p of 〈α1, α2, α3〉 and then multiply our findings by p+ 1 whenever
a pairing involves α2 to take account for p + 1 distinct conjugates of α2. There are
two main cases to consider.
Case I: We start with the subgroup 〈ρ, τ〉 of M1. Hence, we must have
G = 〈ρ, τ, g〉 where g def= σαa11 αa22 αa33 .
Note, using (4.50), we have
gτg−1 = σ (αa11 α
a2
2 α
a3
3 · τ)σ−1 = ρ(a3−1)τ ∈ 〈ρ, τ〉 and
gρg−1 = σ (αa11 α
a2
2 α
a3
3 · ρ)σ−1 = ρ ∈ 〈ρ, τ〉 ,
so the paring is possible. Further, it follows by (4.52) that gp = 1. Now, for r 6= 0,
using (4.50), we have
gτ r = (σαa11 α
a2
2 α
a3
3 ) τ
r = ρra3στ rαa11 α
a2
2 α
a3
3 = ρ
r(a3−1)τ rg, (4.57)
so G is abelian if and only if a3 = 1.
Furthermore, all these subgroups are regular since they have order p3 and 〈ρ, τ〉∪
{σ} ⊆ Orb(1), i.e., since |Orb(1)| > p2, their action on M1 is transitive.
Therefore, for a3 = 1 we find regular subgroups isomorphic to C
3
p of the form
〈ρ, τ, σαa1α3〉 ,
〈
ρ, τ, σαa1α
b
2α3
〉 ∼= C3p
for a = 0, ..., p− 1, b = 1, ..., p− 1, (4.58)
and for a3 6= 1, setting r = (1− a3)−1 in (4.57), we find regular subgroups isomorphic
to M1 of the form〈
ρ, τ, σαb1
〉
,
〈
ρ, τ, σαa1α
b
2
〉
, 〈ρ, τ, σαa1αc3〉 ,
〈
ρ, τ, σαa1α
b
2α
c
3
〉 ∼= M1
for a = 0, ..., p− 1, b, c = 1, ..., p− 1 with c 6= 1. (4.59)
Case II: Next, we consider the subgroups
〈
ρ, στ d
〉
of M1 for some d = 0, ..., p−1,
and investigate the possibility of pairing these subgroups with subgroups of the form
〈αa11 αa22 αa33 〉. Thus, we can consider subgroups of the form
G =
〈
ρ, στ d, h
〉
where h
def
= ταa11 α
a2
2 α
a3
3 .
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Note, using (4.50), we must have
h
(
στ d
)
h−1 = τ
(
αa11 α
a2
2 α
a3
3 ·
(
στ d
))
τ−1 = ρa3d+a1+1στa2+d ∈ 〈ρ, στ d〉 ,
and since for a natural number r we have
(
στ d
)r
= ρ
1
2
dr(r−1)σrτ rd,
for the pairing to be possible, we need a2 = 0. Therefore, we consider subgroups of
the form
G =
〈
ρ, στ d, h
〉
where h
def
= ταa11 α
a3
3 .
Now, using (4.50), we have
h
(
στ d
)
= ρa3d+a1+1στ dταa11 α
a3
3 = ρ
a3d+a1+1
(
στ d
)
h,
so G is abelian if and only if a3d+ a1 + 1 ≡ 0 mod p.
Therefore, for da3 + a1 + 1 ≡ 0 mod p we find regular subgroups isomorphic to
C3p of the form 〈
ρ, στ d, τα
−(cd+1)
1 α
c
3
〉 ∼= C3p for c, d = 0, ..., p− 1, (4.60)
and for da3 + a1 + 1 6≡ 0 mod p we find regular subgroups isomorphic to M1 of the
form
〈
ρ, στ d, ταb1
〉
,
〈
ρ, στ d, ταa1α
c
3
〉 ∼= M1 (4.61)
for a, d = 0, ..., p− 1, b, c = 1, ..., p− 1 with b 6= p− 1, a+ cd+ 1 6≡ 0 mod p.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups we work as follows. Let
α = γβ ∈ Aut(M1) ∼= C2p oGL2(Fp) where
γ
def
= αr11 α
r3
3 ∈ C2p , β def=
(
b1 b2
b3 b4
)
∈ GL2(Fp).
First note that the automorphism of M1 corresponding to
(
d −1
1−d 1
) ∈ GL2(Fp) maps
the subgroup
〈
ρ, στ d
〉
to 〈ρ, τ〉; thus we can assume every skew brace is isomorphic
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to one of the subgroups in (4.58) and (4.59), i.e., to one of
〈ρ, τ, σαa1α3〉 ,
〈
ρ, τ, σαa1α
b
2α3
〉 ∼= C3p
for a = 0, ..., p− 1, b = 1, ..., p− 1,〈
ρ, τ, σαb1
〉
,
〈
ρ, τ, σαa1α
b
2
〉
, 〈ρ, τ, σαa1αc3〉 ,
〈
ρ, τ, σαa1α
b
2α
c
3
〉 ∼= M1
for a = 0, ..., p− 1, b, c = 1, ..., p− 1 with c 6= 1,
and now we work with automorphisms which fix the subgroup 〈ρ, τ〉, i.e., when
b2 = 0. In such case, using (4.56), we have
α (σαa11 α
a2
2 α
a3
3 )α
−1 = (α · σ)αa1b4−a3b3+r3a2b
−1
1 b4+
1
2
a2b4(b−11 −1)
1 α
a2b
−1
1 b4
2 α
a3b1
3 ,
where using (4.54)
α · σ = ρ 12 b1b3−r1b1+r3b3σb1τ b3 .
Now since
α (σαa1α
c
3)α
−1 = (α · σ)αab4−cb31 αcb13 ∈ σb1αab4−cb31 αcb13 〈ρ, τ〉 ,
we have
α (σαa1α
c
3)
b−11 α−1 ∈ σαab−11 b4−cb−11 b31 αc3 〈ρ, τ〉 .
Thus if we conjugate the subgroup 〈ρ, τ, σαc3〉 with the automorphism corresponding
to
(
1 0
−ac−1 1
)
we get 〈ρ, τ, σαa1αc3〉, and now the subgroups 〈ρ, τ, σαc3〉 for different
values of c cannot be conjugate to each other.
Next, working similar to above, we have
α
(
σαa1α
b
2α
c
3
)b−11 α−1 ∈ σαab−11 b4−cb−11 b3+r3bb−21 b4+ 12 bb−11 b4(b−11 −1)(c+1)1 αbb−21 b42 αc3 〈ρ, τ〉 .
Thus, if we conjugate the subgroup 〈ρ, τ, σα2αc3〉 with the automorphism correspond-
ing to
(
1 0
−ac−1 b
)
, we get
〈
ρ, τ, σαa1α
b
2α
c
3
〉
, and now again the subgroups 〈ρ, τ, σα2αc3〉
for different values of c cannot be conjugate. Finally, we note that
α
(
σαa1α
b
2
)b−11 α−1 ∈ σαab−11 b4+r3bb−21 b4+ 12 bb−11 b4(b−11 −1)1 αbb−21 b42 〈ρ, τ〉 ,
so
α (σαa1)
b−11 α−1 ∈ σαab−11 b41 〈ρ, τ〉 ,
which implies that conjugating the subgroup 〈ρ, τ, σα1〉 with the automorphism
corresponding to ( 1 00 b ), we get
〈
ρ, τ, σαb1
〉
, and conjugating the subgroup 〈ρ, τ, σα2〉
with the automorphism corresponding to αab
−1
3 (
1 0
0 b ), we get
〈
ρ, τ, σαa1α
b
2
〉
.
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Therefore, we have non-isomorphic skew braces
〈ρ, τ, σα3〉 , 〈ρ, τ, σα2α3〉 ∼= C3p , 〈ρ, τ, σα1〉 , 〈ρ, τ, σα2〉 ,
〈ρ, τ, σαc3〉 , 〈ρ, τ, σα2αc3〉 ∼= M1 for c = 2, ..., p− 1. (4.62)
In summary: if G ⊆ Hol(M1) is a regular subgroup with |Θ(G)| = p, then
G is isomorphic to either M1 or C
3
p . In particular, if G is isomorphic to M1, then
combining lists (4.59) and (4.61), the subgroup G is conjugate to precisely one of
〈
ρ, τ, σαb1
〉
,
〈
ρ, τ, σαa1α
b
2
〉
, 〈ρ, τ, σαa1αc3〉 ,
〈
ρ, τ, σαa1α
b
2α
c
3
〉
for a = 0, ..., p− 1, b, c = 1, ..., p− 1,with c 6= 1,〈
ρ, στ d, ταb1
〉
,
〈
ρ, στ d, ταa1α
c
3
〉
for a, d = 0, ..., p− 1, b, c = 1, ..., p− 1 with b 6= p− 1, a+ cd+ 1 6≡ 0 mod p,
and there are (we shall multiply by p+1 appropriately wherever a subgroup involves
α2)
(p− 1) + (p+ 1)(p− 1)p+ (p− 2)p+ (p+ 1)(p− 1)(p− 2)p
+(p− 2)p+ (p− 1)p2 − (p− 1)p = p4 − p2 − p− 1
of them; if G is isomorphic to C3p , then combining lists (4.58) and (4.60), the sub-
group G is conjugate to precisely one of
〈ρ, τ, σαa1α3〉 ,
〈
ρ, τ, σαa1α
b
2α3
〉
,
〈
ρ, στ d, τα
−(cd+1)
1 α
c
3
〉
for a, c, d = 0, ..., p− 1, b = 1, ..., p− 1,
and there are
p+ (p+ 1)(p− 1)p+ p2 = (p+ 1)p2
of them.
The corresponding skew braces are given in (4.62), and counting them we find
that there are 2(p − 1) M1-skew braces of M1 type and two C3p -skew braces of M1
type.
Corollary 4.4.3. We have
e(M1,M1, p) = p
4 − p2 − p− 1,
e(C3p ,M1, p) = (p
3 − 1)(p+ 1)p2,
and e(G,M1, p) = 0 for G M1 or C3p .
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Furthermore, we have
e˜(M1,M1, p) = 2(p− 1),
e˜(C3p ,M1, p) = 2,
and e˜(G,M1, p) = 0 for G M1 or C3p .
Proof. Follows from Lemma 4.4.2, and the calculation
e(C3p ,M1, p)
def
=
∣∣Aut(C3p)∣∣
|Aut(M1)|e
′(C3p ,M1, p)
=
(p3 − 1)(p2 − 1)(p− 1)p3
(p2 − 1)(p− 1)p3 × (p+ 1)p
2 = (p3 − 1)(p+ 1)p2.
Lemma 4.4.4. For |Θ(G)| = p2 there are exactly
(p4 − p3 − 2p2 + 2p+ 1)p
regular subgroups isomorphic to M1 and exactly
(p2 − 2)p2
regular subgroups isomorphic to C3p contained in Hol(M1).
Furthermore, there are (2p− 3)p M1-skew braces of M1 type and 2p− 1 C3p -skew
braces of M1 type.
Proof. If G ⊆ Hol(M1) with |Θ(G)| = p2, then we can assume, without loss of
generality, that we have Θ(G) ⊆ 〈α1, α2, α3〉 a subgroup of order p2. We also have
G ∩M1 a subgroup of order p. Therefore, Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1,
and G ∩M1 is of the form〈
ρbσcτ d
〉
for b, c, d = 0, ..., p− 1 with (b, c, d) 6= (0, 0, 0) ,
each occurring p− 1 times. We shall consider all subgroups of order p in M1 and all
ways of pairing them with a subgroup of order p2 of 〈α1, α2, α3〉 and then multiply
our findings by p+ 1 whenever a pairing involves α2.
Let us consider a subgroup of the form
G = 〈u, vα1, wαa22 αa33 〉 for (a2, a3) 6= (0, 0) , u, v, w 6= 1.
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Suppose u = ρu1σu2τu3 , v = ρv1σv2τ v3 , and w = ρw1σw2τw3 . Then, we need the
following.
(vα1)u (vα1)
−1 = v (α1 · u) v−1u−1 = ρu2+u2v3−u3v2 ∈ 〈u〉 , (4.63)
(wαa22 α
a3
3 )u (wα
a2
2 α
a3
3 )
−1 = w (αa22 α
a3
3 · u)w−1u−1 =
ρ
1
2
a2u2(u2−1)+a3u3+u2w3−u3w2−a2u2w2−a2u22τa2u2 ∈ 〈u〉 , (4.64)
(vα1) (wα
a2
2 α
a3
3 ) ((wα
a2
2 α
a3
3 ) (vα1))
−1 =
(ρw2vwα1α
a2
2 α
a3
3 )
(
ρ
1
2
a2v2(v2−1)+a3v1−a2v22+v2w1−v1w2τa2v2vwα1α
a2
2 α
a3
3
)−1
= ρw2−
1
2
a2v2(v2−1)−a3v1+a2v22−v2w1+v1w2τ−a2v2 ∈ 〈u〉 . (4.65)
Now assume u3 = 1. Then, multiplying vα1 and wα
a2
2 α
a3
3 by suitable powers of u if
necessary, we can further assume v3 = w3 = 0. Now (4.63) implies that u2 = v2 and
(4.64) implies that we need
ρ
1
2
a2u2(u2−1)+a3−w2−a2u2w2−a2u22τa2u2 ∈ 〈ρu1σu2τ〉 ,
so u2 = v2 = 0 and a3 = w2. In such case (4.65) implies that we need
ρw2 ∈ 〈ρu1σu2τ〉 ,
so w2 = 0, which implies that G cannot be regular. Thus, we cannot have any
pairing with subgroups of the form
〈
ρbσcτ
〉
. Similarly, if u2 = 1, then we can
assume v2 = w2 = 0. Now (4.63) gives v3 = −1, also (4.64) gives a2 = 0, and (4.65)
gives a3 = 0 which is not possible.
Therefore, we can only consider subgroups of the form
G = 〈ρ, vα1, wαa22 αa33 〉 with a2v2 = v1 = w1 = 0.
There are two main cases to consider.
Case I: Let us consider
G = 〈ρ, uα1, vα3〉 .
Then (uα1) ρ = ρ (uα1) and (vα3) ρ = ρ (vα3), also we have
(uα1) (vα3) = ρ
v2uvα1α3 and
(vα3) (uα1) = ρ
u3vuα1α3 = ρ
u3+u2v3−u3v2uvα1α3, (4.66)
so G has order p3 and is abelian if and only if v2 ≡ u3 + u2v3 − u3v2 mod p;
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furthermore, for G to be regular we need u2v3 − u3v2 6≡ 0 mod p.
Therefore, for u2v3 − u3v2 6≡ 0 mod p we have regular subgroups isomorphic to
C3p of the form
〈ρ, uα1, vα3〉 ∼= C3p (4.67)
for A =
(
u2 v2
u3 v3
)
∈ GL2(Fp) with v2 = u3 + det(A).
We count these by considering the cases when u2 = 0 and u2 6= 0, and we find that
there are
(p− 2)p+ (p− 1)2p
of these. For v2−u3−u2v3 +u3v2 6≡ 0 mod p, we find regular subgroups isomorphic
to M1 of the form
〈ρ, uα1, vα3〉 ∼= M1 (4.68)
for A =
(
u2 v2
u3 v3
)
∈ GL2(Fp) with v2 − u3 − det(A) 6≡ 0 mod p,
and there are
(p2 − 1)(p2 − p)− (p− 2)p− (p− 1)2p
of these.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, we let β0
def
= ( u2 v2u3 v3 ) and note that considering (4.54) and (4.56), it suf-
fices to work with an automorphism corresponding to β
def
=
(
b1 b2
b3 b4
) ∈ GL2(Fp) with
b
def
= det(β)−1, and we find
β (uα1)
b1b (vα3)
b2b β−1 = ρκ1
(
bββ0β
T
) · σα1,
β (uα1)
b3b (vα3)
b4b β−1 = ρκ2
(
bββ0β
T
) · τα3
for some κ1, κ2, where superscript T denotes the transpose of a matrix.
Now if u2 6= 0, then
u−12
(
1 0
−u3 u2
)(
u2 v2
u3 v3
)(
1 0
−u3 u2
)T
=
(
1 v2 − u3
0 det(β0)
)
;
if v3 6= 0, then
v−13
(
0 1
−v3 v2
)(
u2 v2
u3 v3
)(
0 1
−v3 v2
)T
=
(
1 v2 − u3
0 det(β0)
)
;
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if u2 = v3 = 0 and u3 6= −v2, then
(u3 + v2)
−1
(
1 1
−u3 v2
)(
0 v2
u3 0
)(
1 1
−u3 v2
)T
=
(
1 v2 − u3
0 det(β0)
)
,
and finally if u2 = v3 = 0 and u3 = −v2, then
bββ0β
T = β0.
Thus every one of our regular subgroups above is conjugate to one of the form
〈
ρ, σα1, σ
t2τ t3α3
〉
,
〈
ρ, τ−t4α1, σt4α3
〉
for some t2, t3, t4,
and these for different values of t2, t3, and t4 are not conjugate to each other.
Therefore, we find non-isomorphic skew braces
〈ρ, σα1, σu2τu2α3〉 ,
〈
ρ, τ−2α1, σ2α3
〉 ∼= C3p , (4.69)
〈ρ, σα1, σu3τu4α3〉 ,
〈
ρ, τ−u5α1, σu5α3
〉 ∼= M1
for u4 = 0, ..., p− 1, u2, u3, u5 = 1, ..., p− 1 with u5 6= 2, u3 − u4 6≡ 0 mod p.
Case II: Next, we consider subgroups of the form
G = 〈ρ, xα1, yα2αa3〉 with x2 = 0.
Note, we have
(xα1) (yα2α
a
3) = ρ
y2xyα1α2α
a
3 and
(yα2α
a
3) (xα1) = ρ
ax3−x3y2xyα1α2αa3, (4.70)
so G is abelian if and only if y2 ≡ ax3−x3y2 mod p; furthermore, we need x3, y2 6= 0
for G to be regular.
Therefore, for y2 ≡ ax3 − x3y2 mod p we find regular subgroups isomorphic to
C3p of the form 〈
ρ, τx3α1, σ
y2τ y3α2α
(1+x3)y2x
−1
3
3
〉 ∼= C3p (4.71)
for y3 = 0, ..., p− 1, y2, x3 = 1, ..., p− 1,
and for ax3 6≡ y2 + x3y2 mod p, we find regular subgroups isomorphic to M1 of the
form
〈ρ, τx3α1, yα2αa3〉 ∼= M1 (4.72)
for a, y3 = 0, ..., p− 1, x3, y2 = 1, ..., p− 1 with ax3 − y2 − x3y2 6≡ 0 mod p.
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To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, it suffices to work with automorphisms corresponding to elements of the
form β
def
=
(
b1 0
b3 b4
) ∈ GL2(Fp). Then, using (4.54) and (4.56), we have
(αr33 β) (τ
x3α1)
b−14 (αr33 β)
−1 = ρκ1τx3α1 and
(αr33 β) (τ
x3α1)
ab1b3b
−2
4 −r3b−14 − 12 b−14 (1−b1)− 12ab1b−14 (b1b−14 −1) (yα2αa3)
b1b
−1
4 (αr33 β)
−1
= ρκ2σy2b
2
1b
−1
4 τ(ab1b3b
−2
4 −r3b−14 − 12 b−14 (1−b1)− 12ab1b−14 (b1b−14 −1))x3+b1y3+ 12 b1(b1b−14 −1)y2α2α
ab21b
−1
4
3 ,
for some κ1, κ2, and r3. Now conjugating the subgroup 〈ρ, τx3α1, yα2αa3〉 with the au-
tomorphism corresponding to α
1
2
(y−12 −1)−y2x−13
3
(
y−12 0
0 y−12
)
we get
〈
ρ, τx3α1, σα2α
ay−12
3
〉
,
and these subgroups for different values of a and x3 and y2 are not conjugate to each
other.
Therefore, we find non-isomorphic skew braces〈
ρ, τx3α1, σα2α
(1+x3)x
−1
3
3
〉 ∼= C3p , 〈ρ, τx3α1, σα2αa3〉 ∼= M1 (4.73)
for a = 0, ..., p− 1, x3 = 1, ..., p− 1 with a− (1 + x3)x−13 6≡ 0 mod p.
In summary: if G ⊆ Hol(M1) is a regular subgroup with |Θ(G)| = p2, then
G is isomorphic to either M1 or C
3
p . In particular, if G is isomorphic to M1, then,
combining (4.68) and (4.72), the subgroup G is conjugate to exactly one of
〈ρ, uα1, vα3〉 for A = ( u2 v2u3 v3 ) ∈ GL2(Fp) with v2 − u3 − det(A) 6≡ 0 mod p,
〈ρ, τx3α1, yα2αa3〉 for a, y3 = 0, ..., p− 1, y2, x3 = 1, ..., p− 1
with y2 − ax3 + x3y2 6≡ 0 mod p,
and so there are (we shall multiply by p + 1 appropriately whenever a subgroup
involves α2)
(p2 − 1)(p2 − p)− (p− 2)p− (p− 1)2p+ (p+ 1)((p− 1)2p2 − (p− 1)2p)
= (p4 − p3 − 2p2 + 2p+ 1)p
of them, and if G is isomorphic to C3p , then, combining (4.67) and (4.71), the sub-
group G is conjugate to exactly one of the following
〈ρ, uα1, vα3〉 for A = ( u2 v2u3 v3 ) ∈ GL2(Fp) with v2 = u3 + det(A),〈
ρ, τx3α1, σ
y2τ y3α2α
(1+x3)y2x
−1
3
3
〉
for y3 = 0, ..., p− 1, y2, x3 = 1, ..., p− 1,
and there are
(p− 2)p+ (p− 1)2p+ (p+ 1)(p− 1)2p = (p2 − 2)p2
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of them.
The corresponding non-isomorphic skew braces, combining (4.69) and (4.73), are
〈ρ, σα1, σu3τu4α3〉 ,
〈
ρ, τ−u5α1, σu5α3
〉
, 〈ρ, τx3α1, σα2αa3〉 ∼= M1,
〈ρ, σα1, σu2τu2α3〉 ,
〈
ρ, τ−2α1, σ2α3
〉
,
〈
ρ, τx3α1, σα2α
(1+x3)x
−1
3
3
〉 ∼= C3p for
a, u3 = 0, ..., p− 1, u2, u4, u5, x3,= 1, ..., p− 1
with u5 6= 2, u3 − u4, ax3 − (1 + x3) 6≡ 0 mod p.
Therefore, there are
(p− 1)p− (p− 1) + (p− 2) + (p− 1)p− (p− 1) = (2p− 3)p
M1-skew braces of M1 type and
(p− 1) + 1 + (p− 1) = 2p− 1
C3p -skew braces of M1 type.
Corollary 4.4.5. We have
e(M1,M1, p
2) = (p4 − p3 − 2p2 + 2p+ 1)p,
e(C3p ,M1, p
2) = (p3 − 1)(p2 − 2)p2,
and e(G,M1, p
2) = 0 for G M1 or C3p .
Furthermore, we have
e˜(M1,M1, p
2) = (2p− 3)p,
e˜(C3p ,M1, p
2) = 2p− 1,
and e˜(G,M1, p
2) = 0 for G M1 or C3p .
Proof. Follows from Lemma 4.4.4, and calculations similar to Corollary 4.4.3.
Lemma 4.4.6. For |Θ(G)| = p3 there are exactly
(p+ 1)(p− 1)p3
regular subgroups isomorphic to M1 contained in Hol(M1) and no other if G M1.
Furthermore, there are four M1-skew braces of M1 type.
Proof. If G ⊆ Hol(M1) with |Θ(G)| = p3, then we can assume, without loss of
generality, that Θ(G) = 〈α1, α2, α3〉, and so
G = 〈uα1, vα2, wα3〉
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where u = ρu1σu2τu3 , v = ρv1σv2τ v3 , w = ρw1σw2τw3 , and G is isomorphic to Θ(G) ∼=
M1. Now
(uα1) (vα2) = ρ
v2uvα1α2 and
(vα2) (uα1) = ρ
1
2
u2(u2−1)+v3u2−u3v2−u22−u2v2τu2uvα1α2,
so we need u2 = 0 and v2 ≡ −u3v2 mod p. We have
(uα1) (wα3) = ρ
w2uwα1α3 and
(wα3) (uα1) = ρ
u3+w3u2−u3w2uwα1α3,
so, since u2 = 0, we need w2 ≡ u3 − u3w2 mod p. Finally, we have
(uα1) (vα2) (wα3) = (ρ
v2uvα1α2) (wα3)
= ρu1−v2(w2−1)−
1
2
w2(w2−1)τu3+w2vwα1α2α3 and
(wα3) (vα2) = ρ
v3+w3v2−v3w2vwα3α2,
so we need u3 + w2 ≡ 0 mod p and
u1 − v2(w2 − 1)− 1
2
w2(w2 − 1) ≡ v3 + w3v2 − v3w2 mod p.
Combining the above information, for G to be a group of order p3, we need, modulo
p,
u2 = 0, v2 = −u3v2, w2 = u3 − u3w2, u3 = −w2,
u1 − v2(w2 − 1)− 1
2
w2(w2 − 1) = v3 + w3v2 − v3w2. (4.74)
Now the equations w2 = u3 − u3w2 and u3 = −w2 imply that
u3 = −w2 = 0,−2.
Given this, the equation v2 = −u3v2 implies that v2 = 0. Now the final equation in
(4.74) reduces to
u1 − 1
2
w2(w2 − 1) = v3 − v3w2.
Thus, we can consider two cases for w2 = 0 and w2 = 2. If w2 = 0, then u, v and
w are of the form
u = ρu1 , v = ρv1τu1 , w = ρw1τw3 ,
and in this case G cannot be regular. Therefore, we must set w2 = 2, hence u, v,
and w are of the form
u = ρu1τ−2, v = ρv1τ 1−u1 , w = ρw1σ2τw3 .
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Now for G to be regular we need
(uα1)
1
2
(1−u1) (wα3) = ρv1+
1
2
u1(1−u1)α
1
2
(1−u1)
1 α3 6∈ Aut(M1),
so we need v1 +
1
2
u1(1− u1) 6≡ 0 mod p. Therefore, G is conjugate to〈
ρu1τ−2α1, ρv1τ 1−u1α2, ρw1σ2τw3α3
〉 ∼= M1
for u1, v1, w1, w3 = 0, ..., p− 1 with v1 + 1
2
u1(1− u1) 6≡ 0 mod p,
and there are (taking into account the p+ 1 conjugates)
(p+ 1)(p− 1)p3
of these.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, it suffices to conjugate by automorphisms of the form α
def
= βγ ∈ Aut(M1),
where β
def
=
(
b1 0
b3 b4
) ∈ GL2(Fp) and γ def= αr11 αr33 ∈ C2p . Now using (4.54) and (4.56)
we have
α (uα1)
b−14 α−1 =
(
α · ub−14
)
α1,
α (vα2)
b1b
−1
4 α−1 =
(
α · vb1b−14
)
α
r3+
1
2
(1−b1)
1 α2,
α (wα3)
b−11 α−1 =
(
α ·
(
ρ
1
2
w3b
−1
1 (b
−1
1 −1)wb
−1
1
))
α
−b−11 b3
1 α3,
so we have
α (uα1)
b−14 α−1 =
(
α · ub−14
)
α1,
α (uα1)
−r3b−14 − 12 b−14 (1−b1) (vα2)
b1b
−1
4 α−1 =
(
α ·
(
u−r3b
−1
4 − 12 b−14 (1−b1)vb1b
−1
4
))
α2,
α (uα1)
b−11 b3b
−1
4 (wα3)
b−11 α−1 =
((
α · ub−11 b3b−14
)
αα
b−11 b3b
−1
4
1 ·
(
ρ
1
2
w3b
−1
1 (b
−1
1 −1)wb
−1
1
))
α3.
Note that we have
α =
(
b1b4
1
2
b1b3+r1b1+r3b3 r3b4
0 b1 0
0 b3 b4
)
,
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We let b5
def
= 1
2
b1b3 + r1b1 + r3b3. Now
α · ub−14 = ρu1b1−2r3τ−2,
α·
(
u−r3b
−1
4 − 12 b−14 (1−b1)vb1b
−1
4
)
= ρr3(2r3+1)+v1b
2
1+
1
2
u1b1(b1−1)−2r3u1b1τ 1+2r3−u1b1 ,(
α · ub−11 b3b−14
)(
αα
b−11 b3b
−1
4
1 ·
(
ρ
1
2
w3b
−1
1 (b
−1
1 −1)wb
−1
1
))
= ρb3u1−2r3b
−1
1 b3τ−2b
−1
1 b3
ρ
3
2
w3b4(b−11 −1)+b4w1+2b−11 b3+2b−11 b5+b3(2b−11 −1)σ2τ 2b
−1
1 b3+w3b
−1
1 b4
= ρ2r1+
3
2
w3b4(b−11 −1)+b4w1+u1b3σ2τw3b
−1
1 b4 .
We let
r1 = −3
4
w3b4
(
b−11 − 1
)− 1
2
b4w1 − 1
2
u1b3,
r3 =
1
2
u1b1,
which gives us
α · ub−14 = τ−2,
α·
(
u−r3b
−1
4 − 12 b−14 (1−b1)vb1b
−1
4
)
= ρ(v1+
1
2
u1(1−u1))b21τ,(
α · ub−11 b3b−14
)(
αα
b−11 b3b
−1
4
1 ·
(
ρ
1
2
w3b
−1
1 (b
−1
1 −1)wb
−1
1
))
= σ2τw3b
−1
1 b4 .
Next, for δ ∈ F×p which is not a square, as fixed in (4.1), we can write(
v1 +
1
2
u1 (1− u1)
)
= s21s
where s1 ∈ F×p and s = 1, δ. Letting b1 = ±s−11 we get
α · ub−14 = τ−2,
α ·
(
u−r3b
−1
4 − 12 b−14 (1−b1)vb1b
−1
4
)
= ρsτ,(
α · ub−11 b3b−14
)(
αα
b−11 b3b
−1
4
1 ·
(
ρ
1
2
w3b
−1
1 (b
−1
1 −1)wb
−1
1
))
= σ2τ±s1w3b4 .
Therefore, every such regular subgroup is conjugate to
〈
τ−2α1, ρsτα2, σ2τ t3α3
〉 ∼= M1 for t3 = 0, 1, s = 1, δ,
and these subgroups are not further conjugate to each other, so they give us four
non-isomorphic skew braces.
Corollary 4.4.7. We have
e(M1,M1, p
3) = (p+ 1)(p− 1)p3
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and e(G,M1, p
3) = 0 for G M1.
Furthermore, we have
e˜(M1,M1, p
3) = 4
and e˜(G,M1, p
3) = 0 for G M1
Proof. Follows from Lemma 4.4.6.
4.5 Regular subgroups in Hol(M2)
In this section we classify the regular subgroups contained in Hol(M2) and the skew
braces of M2 type. The main result of this section is the following. This section
shares some similarities with Sections 4.2 and 4.4.
Proposition 4.5.1. We have
e(M2,M2) = (2p− 1)(p− 1)p2,
e(Cp2 × Cp,M2) = (2p− 1)(p− 1)p2,
and e(G,M2) = 0 for G M2 or Cp2 × Cp.
Furthermore, we have
e˜(M2,M2) = 4p
2 − 3p− 1,
e˜(Cp2 × Cp,M2) = 4p+ 1,
and e˜(G,M2) = 0 for G M2 or Cp2 × Cp.
The proof of the proposition above follows from the calculation in the rest of
this section, particularly by adding the relevant numbers from Corollaries 4.5.3 and
4.5.5. First we recall from Section 3.5
M2
def
=
〈
σ, τ | σp2 = τ p = 1, τσ = σp+1τ
〉
.
In Lemma 3.5.1, we set the notation to represent an automorphism α ∈ Aut(M2)
by
α
def
=
(
a1 a2p
a3 1
)
,
where
σα = σa1τa3 , τα = σa2pτ.
Now by Lemma 3.5.1, we have |Aut(M2)| = (p−1)p3. Note, with notation introduced
in Lemma 3.5.1, if α, β ∈ Aut(M2), say α = ( a1 a2pa3 1 ) and β =
(
b1 b2p
b3 1
)
, then the
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composition αβ corresponds to
αβ =
(
a1b1 +
(
a2b3 +
1
2
a1a3b1 (b1 − 1)
)
p (a1b2 + a2) p
a3b1 + b3 1
)
. (4.75)
Let
Θ : Hol(M2) −→ Aut(M2)
be the natural projection. Further, let
Ψ : Aut(M2) −→ L1(Fp)(
a1 a2p
a3 1
)
7−→
(
a1 mod p 0
a3 1
)
be the reduction of entries modulo p, where L1(Fp) was defined just before Lemma
3.5.1 as the set of invertible 2×2 lower triangular matrices whose bottom right hand
entry is 1. Then the image of a subgroup of G ⊆ Hol(M2) of order p3 in L1(Fp)
under the composition of projections
ΨΘ : Hol(M2) −→ L1(Fp)
must lie in the unique Sylow p-subgroup of L1(Fp) which is the subgroup generated
by the image of the automorphism ( 1 01 1 ) under Ψ . Let
α1
def
=
(
p+ 1 0
0 1
)
, α2
def
=
(
1 0
1 1
)
, α3
def
=
(
1 p
0 1
)
.
Note, the elements α1, α3 generate KerΨ , and the elements α1, α2, α3 ∈ Aut(M2)
have order p. They satisfy
α2α1 = α1α2, α3α1 = α1α3, α3α2 = α1α2α3, (4.76)
which implies that
〈α1, α2, α3〉 ∼= M1.
Therefore, we always have
Θ(G) ⊆ A(M2) def= 〈α1, α2, α3〉 ,
and so any subgroup of Hol(M2) of order p
3 lies in
M2 o A(M2).
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We have
e(M2,M2, 1) = e˜(M2,M2, 1) = 1 and
e(G,M2, 1) = e˜(G,M2, 1) = 0 if G 6= M2.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
But before we begin, it will be useful for our calculations to derive the explicit
formula for a term of the form (vαa11 α
a2
2 α
a3
3 )
r for natural numbers r, ai and an element
v = σv1τ v2 ∈M2. First note that we have
αa11 α
a2
2 α
a3
3 · v =
(
a1p+ 1 a3p
a2 1
)
· v
=
(
σa1p+1τa2
)v1 (σa3pτ)v2
= σa1v1p+
1
2
a2v1(v1−1)+v1τa2v1σa3v2pτ v2
= σa1v1p+
1
2
a2v1(v1−1)p+a3v2pvτa2v1 . (4.77)
Now, similar to the previous section, we have
(vαa11 α
a2
2 α
a3
3 )
r =
(
vαa11 α
a2
2 α
a3
3 · v · · · (αa11 αa22 αa33 )r−1 · v
)
(αa11 α
a2
2 α
a3
3 )
r
where, using (4.76) and (4.77), we find
(αa11 α
a2
2 α
a3
3 )
j · v = αa1j+
1
2
a2a3j(j−1)
1 α
a2j
2 α
a3j
3 · v
= σkjpvτa2v1j,
with
kj
def
= a1v1j +
1
2
a2a3v1j (j − 1) + 1
2
a2v1 (v1 − 1) j + a3v2j,
for j = 0, ..., r − 1; thus we find
(vαa11 α
a2
2 α
a3
3 )
r =
(
r−1∏
j=0
σkjpvτa2v1j
)
(αa11 α
a2
2 α
a3
3 )
r
= σl1pvrτ l2a2v1 (αa11 α
a2
2 α
a3
3 )
r , (4.78)
(note order of the product below matters and is in increasing j) where
l1 = l1(r) =
r−1∑
j=1
kj +
a2v
2
1
2
r−2∑
j=1
j (j + 1) and
l2 = l2(r) =
r−1∑
j=1
j.
Similar, to the previous section the second summation in l1 arises by gathering the
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terms τa2v1j in one place using the rule τσ = σp+1τ . Further we note, l1 and l2 are
divisible by r for r > 3 a prime number, so
(vαa11 α
a2
2 α
a3
3 )
p = vp = σv1p (4.79)
since p > 3, i.e., the element vαa11 α
a2
2 α
a3
3 has order p or p
2 depending on v1. Note,
for future use that in (4.78), when a2 = 0, we have
(vαa11 α
a3
3 )
r ∈ vrαra11 αra33 〈σp〉 , (4.80)
where 〈σp〉 is a normal subgroup of Hol(M2) since it is a characteristic subgroup of
M2.
It will further be useful, when finding the non-isomorphic braces, to derive the
explicit formula for a term of the form α (vαa11 α
a2
2 α
a3
3 )α
−1 for an automorphism
α ∈ Aut(M2). Now every α ∈ Aut(M2) can be written as
α = αr33 β for some β
def
=
(
b1 0
b3 1
)
∈ Aut(M2)
and some integer r3 which matters modulo p. Then we find
α−1 = β−1α−r33 =
(
b−11 − 12b3b−11
(
b−11 − 1
)
p 0
−b3b−11 1
)
α−r33 .
Now, using (4.75), we find
βα1β
−1 = α1,
βα2β
−1 = α
1
2(b
−1
1 −1)
1 α
b−11
2 ,
βα3β
−1 = α−b31 α
b1
3 ,
so we have
αα1α
−1 = α1,
αα2α
−1 = α
r3b
−1
1 +
1
2(b
−1
1 −1)
1 α
b−11
2 ,
αα3α
−1 = α−b31 α
b1
3 .
Therefore, we find
α (vαa11 α
a2
2 α
a3
3 )α
−1 = (α · v)αa1−a3b3+r3a2b
−1
1 +
1
2
a2(b−11 −1)
1 α
a2b
−1
1
2 α
a3b1
3 , (4.81)
where
α · v = σ( 12 b1b3v1(v1−1)+r3(b3v1+v2))pσb1v1τ b3v1+v2 .
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Lemma 4.5.2. For |Θ(G)| = p there are exactly
2p3 − 2p2 − p− 1
regular subgroups isomorphic to M2 and exactly 2p
2 regular subgroups isomorphic to
Cp2 × Cp contained in Hol(M2).
Furthermore, there are 5p−6 M2-skew braces of M2 type and five (Cp2 × Cp)-skew
braces of M2 type.
Proof. If G ⊆ Hol(M2) with |Θ(G)| = p, then we must have Θ(G) ⊆ 〈α1, α2, α3〉 a
subgroup of order p and G ∩M2 a subgroup of order p2. Therefore, Θ(G) is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
(each occurring p− 1 times) and G ∩M2 is one of
〈σp, τ〉 , 〈στ d〉 for d = 0, ..., p− 1.
We shall consider all subgroups of order p2 in M2 and all ways of pairing them with
a subgroup of order p of 〈α1, α2, α3〉. We divide our investigations into two main
cases.
Case I: We start with the subgroup 〈σp, τ〉 of M2. Then we must have
G = 〈σp, τ, g〉 where g def= σαa11 αa22 αa33 .
Note using (4.77) we find
gτg−1 = σ (αa11 α
a2
2 α
a3
3 · τ)σ−1 = σ(a3−1)pτ ∈ 〈σp, τ〉 and
gσpg−1 = σ (αa11 α
a2
2 α
a3
3 · σp)σ−1 = σp ∈ 〈σp, τ〉 ,
so the paring is possible. Furthermore, it follows from (4.79) that gp = σp, thus
G = 〈τ, g〉. Now for r 6= 0 and using (4.77), we have
gτ r = σra3pστ rαa11 α
a2
2 α
a3
3 = σ
ra3p−rpτ rg = gr(a3−1)pτ rg, (4.82)
so G is abelian if and only if a3 = 1. Furthermore, all these subgroups are regular
since they have size p3 and 〈σp, τ〉 ∪ {σ} ⊆ Orb(1).
Therefore, for a3 = 1 we have regular subgroups isomorphic to Cp2 × Cp of the
form
〈
τ, σαa1α
b
2α3
〉 ∼= Cp2 × Cp for a, b = 0, ..., p− 1, (4.83)
and if a3 6= 1, then letting r = (1− a3)−1 in (4.82), we find regular subgroups
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isomorphic to M2 of the form
〈τ, σαa11 〉 , 〈τ, σαa1αa12 〉 ,
〈
τ, σαa1α
b
2α
c
3
〉 ∼= M2
for a, b = 0, ..., p− 1, a1 = 1, ..., p− 1, c = 2, ..., p− 1. (4.84)
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups we work as follows. We let α ∈ Aut(M2) and write
α = αr33 β for some β
def
=
(
b1 0
b3 1
)
∈ Aut(M2).
Now recall by (4.81) we have
α (σαa11 α
a2
2 α
a3
3 )α
−1 = σr3b3pσb1τ b3α
a1−a3b3+r3a2b−11 + 12a2(b−11 −1)
1 α
a2b
−1
1
2 α
a3b1
3 ,
so
α (σαa11 α
a2
2 α
a3
3 )
b−11 α−1 ∈ σαa1b
−1
1 −a3b−11 b3+r3a2b−21 + 12a2b−11 (b−11 −1)(a3+1)
1 α
a2b
−2
1
2 α
a3
3 〈σp, τ〉 .
Now if a2 = 0, we have
α (σαa11 α
a3
3 )
b−11 α−1 ∈ σαa1b−11 −a3b−11 b31 αa33 〈σp, τ〉 ,
which implies that conjugating a subgroup of the form 〈τ, σαc3〉 with the automor-
phism represented by
(
1 0
−ac−1 1
)
we get 〈τ, σαa1αc3〉, and the subgroups 〈τ, σαc3〉 for
different values of c cannot be conjugate. If a2 6= 0 for s = 1, δ, we have
α (σαs2α
c
3)
b−11 α−1 ∈ σα−cb
−1
1 b3+r3sb
−2
1 +
1
2
sb−11 (b
−1
1 −1)(c+1)
1 α
sb−21
2 α
c
3 〈σp, τ〉 ,
which implies that, if for any integer b 6= 0 considered as an element of F×p we write
b = s21s for some s1 ∈ F×p , then conjugating subgroups of the form 〈τ, σαs2αc3〉 with
the automorphism represented by α
ab−1− 1
2(1−s−11 )(c+1)
3
(
s−11 0
0 1
)
we get
〈
τ, σαa1α
b
2α
c
3
〉
.
Finally, conjugating the subgroup 〈τ, σα1〉 with the automorphism represented by(
a−11 0
0 1
)
we get 〈τ, σαa11 〉.
Therefore, we have non-isomorphic skew braces
〈τ, σα3〉 , 〈τ, σαs2α3〉 ∼= Cp × Cp2 , 〈τ, σα1〉 , 〈τ, σαs2〉 , (4.85)
〈τ, σαc3〉 , 〈τ, σαs2αc3〉 ∼= M2 for c = 2, ..., p− 1, s = 1, δ.
Case II: Finally, we consider the subgroups
〈
στ d
〉
of M2 for d = 0, ..., p− 1 and
investigate the possibility of pairing these subgroups with a subgroup of the form
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〈αa11 αa22 αa33 〉. Thus, we consider subgroups of the form
G =
〈
στ d, h
〉
where h
def
= ταa11 α
a2
2 α
a3
3 .
Note we must have
h(στ d)h−1 = τ
(
αa11 α
a2
2 α
a3
3 ·
(
στ d
))
τ−1 = σ(a3d+a1+1)p+1τa2+d ∈ 〈στ d〉 ,
and since we have (
στ d
)(a3d+a1+1)p+1
= σ(a3d+a1+1)p+1τ d,
for the pairing to be possible, we need a2 = 0, hence we can consider the following
subgroups
G =
〈
στ d, h
〉
where h
def
= ταa11 α
a3
3 .
Note by (4.78) and (4.80), we have hp = 1, and for r 6= 0, we have
hr = (ταa11 α
a3
3 )
r ∈ τ rαra11 αra33
〈
στ d
〉
.
Now
(τ rαra11 α
ra3
3 )
(
στ d
)
= σra3dp+ra1p+rpστ rτ dαra11 α
ra3
3 =
(
στ d
)r(a3d+a1+1)p+1
(τ rαra11 α
ra3
3 ) ,
so G is abelian if and only if a3d + a1 + 1 ≡ 0 mod p, and all these subgroups are
regular.
Therefore, for a3d + a1 + 1 ≡ 0 mod p we find regular subgroups isomorphic to
Cp2 × Cp of the form〈
στ d, τα
−(cd+1)
1 α
c
3
〉 ∼= Cp2 × Cp for c, d = 0, ..., p− 1, (4.86)
and for da3 + a1 + 1 6≡ 0 mod p we find regular subgroups isomorphic to M2 of the
form
〈
στ d, ταb1
〉
,
〈
στ d, ταa1α
c
3
〉 ∼= M2 (4.87)
for a, d = 0, ..., p− 1, b, c = 1, ..., p− 1 with b 6= p− 1, a+ cd+ 1 6≡ 0 mod p.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, we note that the automorphism represented by ( 1 0d 1 ) sends σ to στ
d, so we
may consider orbits of regular subgroups when d = 0 and conjugation by automor-
phisms which fix 〈σ〉, i.e., we only consider automorphisms of the form α = αr33
(
b1 0
0 1
)
.
Now by (4.81) we have
α (ταa11 α
a3
3 )α
−1 = σr3pταa11 α
a3b1
3 .
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For each fixed b conjugation by any automorphism which fixes 〈σ〉 will fix 〈σ, ταb1〉,
and conjugating the subgroup 〈σ, ταa1α3〉 with an automorphism represented by ( c 00 1 )
we get 〈σ, ταa1αc3〉.
Therefore, we find non-isomorphic skew braces
〈
σ, τα−11
〉
,
〈
σ, τα−11 α3
〉 ∼= Cp2 × Cp,〈
σ, ταb1
〉
, 〈σ, ταa1α3〉 ∼= M2 for a = 0, ..., p− 2, b = 1, ..., p− 2. (4.88)
In summary: if G ⊆ Hol(M2) is a regular subgroup with |Θ(G)| = p, then G is
isomorphic to either M2 or Cp2 × Cp. In particular, if G is isomorphic to M2, then
combining lists (4.84) and (4.87), the subgroup G is precisely one of
〈τ, σαa11 〉 , 〈τ, σαa1αa12 〉 ,
〈
τ, σαa1α
b
2α
c
3
〉
for a, b = 0, ..., p− 1, a1 = 1, ..., p− 1, c = 2, ..., p− 1,〈
στ d, ταb1
〉
,
〈
στ d, ταa1α
c
3
〉
for a, d = 0, ..., p− 1, b, c = 1, ..., p− 1 with b 6= p− 1, a 6= − (cd+ 1) ,
and there are
(p− 1) + (p− 1)p+ (p− 2)p2 + (p− 2)p+ (p− 1)p2 − (p− 1)p
= 2p3 − 2p2 − p− 1
of them; if G is isomorphic to Cp2 × Cp, then combining lists (4.83) and (4.86), the
subgroup G is precisely one of〈
τ, σαa1α
b
2α3
〉
,
〈
στ d, τα
−(cd+1)
1 α
c
3
〉
for a, b, c, d = 0, ..., p− 1,
and there are 2p2 of them.
The corresponding skew braces, combining lists (4.85) and (4.88) are
〈τ, σα1〉 , 〈τ, σαs2〉 , 〈τ, σαc3〉 , 〈τ, σαs2αc3〉 ,
〈
σ, ταb1
〉
, 〈σ, ταa1α3〉 ∼= M2
〈τ, σα3〉 , 〈τ, σαs2α3〉 ,
〈
σ, τα−11
〉
,
〈
σ, τα−11 α3
〉 ∼= Cp2 × Cp
for a = 0, ..., p− 2, b = 1, ..., p− 2, c = 2, ..., p− 1, s = 1, δ;
therefore there are
1 + 2 + (p− 2) + 2(p− 2) + (p− 2) + p− 1 = 5p− 6
M2-skew braces of M2 type and five (Cp2 × Cp)-skew braces of M2 type.
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Corollary 4.5.3. We have
e(M2,M2, p) = 2p
3 − 2p2 − p− 1,
e(Cp2 × Cp,M2, p) = 2(p− 1)p2,
and e(G,M2, p) = 0 for G M2 or Cp2 × Cp.
Furthermore, we have
e˜(M2,M2, p) = 5p− 6,
e˜(Cp2 × Cp,M2, p) = 5,
and e˜(G,M2, p) = 0 for G M2 or Cp2 × Cp.
Proof. Follows from Lemma 4.5.2, and the calculation
e(Cp2 × Cp,M2, p) def= |Aut(Cp
2 × Cp)|
|Aut(M2)| e
′(Cp2 × Cp,M2, p)
=
p3(p− 1)2
p3(p− 1) × 2p
2 = 2(p− 1)p2.
Lemma 4.5.4. For |Θ(G)| = p2 there are exactly
(2p3 − 5p2 + 3p+ 1)p
regular subgroups isomorphic to M2 and exactly (2p−3)p2 regular subgroups isomor-
phic to Cp2 × Cp contained in Hol(M2).
Furthermore, there are 4(p−1)2 M2-skew braces of M2 type and 4(p−1) (Cp2 × Cp)-
skew braces of M2 type.
Proof. If G ⊆ Hol(M2) with |Θ(G)| = p2, then we must have Θ(G) ⊆ 〈α1, α2, α3〉 a
subgroup of order p2 and G ∩M2 a subgroup of order p. Therefore, Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1
and G ∩M2 is one of
〈σp〉 , 〈τσbp〉 for b = 0, ..., p− 1.
We shall consider all subgroups of order p in M2 and all ways of pairing them with
a subgroup of order p2 of 〈α1, α2, α3〉.
We can divide our investigation into three main cases. We start with the sub-
group 〈σp〉 of M2 which is a characteristic subgroup; thus to obtain regular subgroups
we need to consider subgroups of the form
G = 〈σp, uα1, vα3〉 , 〈σp, xα1, yα2αa3〉
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for u = σu1τu2 , v = σv1τ v2 , x = σx1τx2 , y = σy1τ y2 , with a, ui, vi, xi, yi = 0, ..., p−1
where either u1 6= 0 or v1 6= 0, similarly, either x1 6= 0 or y1 6= 0, this reduces us to
consider subgroups of the form
G = 〈uα1, vα3〉 , 〈xα1, yα2αa3〉 .
Case I: Let us consider the subgroups of the form
G = 〈uα1, vα3〉 .
Note, using (4.80) we have (uα1)
r ∈ urαr1 〈σp〉, so urαr1 ∈ G, and we have
(urαr1) (vα3) = σ
rv1purvα3α
r
1 and
(vα3) (u
rαr1) = σ
ru2p+ru1v2p−ru2v1purvα3αr1. (4.89)
Now we consider two subcases when u1 = 0 and u1 6= 0.
Subcase I.1: If u1 = 0, then for r 6= 0, the element urαr1 ∈ G has order p, and
we need u2, v1 6= 0 for G to be regular. The element vα3 has order p2, and the group
G is abelian if and only if v1 ≡ u2 − u2v1 mod p.
Therefore, for v1 ≡ u2 − u2v1 mod p we have regular subgroups of the form〈
τu2α1, σ
u2(1+u2)
−1
τ v2α3
〉 ∼= Cp2 × Cp
for v2 = 0, ..., p− 1, u2 = 1, ..., p− 2, (4.90)
and for v1 6≡ u2 − u2v1 mod p, setting r = v1 (v1 − u2 + u2v1)−1 in (4.89) we find
regular subgroups of the form
〈τu2α1, σv1τ v2α3〉 ∼= M2 (4.91)
for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1, with v1 − u2 + u2v1 6≡ 0 mod p.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, we note that considering (4.81), it suffices to work with automorphisms of
the form β
def
=
(
b1 0
b3 1
) ∈ Aut(M2), and using (4.81) we find
β (τu2α1) β
−1 = τu2α1,
β (τu2α1)
b−11 b3 (vα3)
b−11 β−1 = σκpσv1τ b
−1
1 (b3(u2+v1)+v2)α3,
for some κ. Now conjugating the subgroup 〈τu2α1, σv1τ v2α3〉, when u2+v1 6≡ 0 mod p
with the automorphism represented by
(
1 0
−v2(u2+v1)−1 1
)
we get 〈τu2α1, σv1α3〉, and
when u2 + v1 ≡ 0 mod p conjugating the subgroup 〈τ−v1α1, σv1τ v2α3〉 with the
automorphism represented by
(
b1 0
0 1
)
we get
〈
τ−v1α1, σv1τ b
−1
1 v2α3
〉
. Furthermore,
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the subgroups 〈τu2α1, σv1α3〉 and
〈
τ−v1α1, σv1τ b
−1
1 v2α3
〉
for different values are not
conjugate to each other.
Therefore, we find non-isomorphic skew braces〈
τu2α1, σ
u2(1+u2)−1α3
〉
,
〈
τ−2α1, σ2τ t2α3
〉 ∼= Cp2 × Cp (4.92)
for u2 = 1, ..., p− 3, t2 = 0, 1,
〈τu2α1, σv1α3〉 ,
〈
τ−t1α1, σt1τ t2α3
〉 ∼= M2
for u2, v1, t1 = 1, ..., p− 1, t2 = 0, 1 with t1 6= 2, v1 − u2 + u2v1, u2 + v1 6≡ 0 mod p.
Subcase I.2: If u1 6= 0, then uα1 has order p2, and since
(σu1τu2α1)
−u−11 v1 (σv1τ v2α3) ∈ τu−11 (u1v2−u2v1)α−u
−1
1 v1
1 α3 〈σp〉 ,
we can assume
G = 〈uα1, τ q2αq1α3〉
where q2
def
= u−11 (u1v2 − u2v1) and q def= −u−11 v1, and we need (u1v2 − u2v1) 6≡
0 mod p for G to be regular. Now
(τ q2αq1α3)
r = σ(rqu1+ru2)pτ rq2αrq1 α
r
3 ∈ τ rq1αrq1 αr3 〈σp〉 ,
so τ rq2αrq1 α
r
3 ∈ G, and we have
(uα1) (τ
rq2αrq1 α
r
3) = uτ
rq2α1+rq1 α
r
3 and (4.93)
(τ rq2αrq1 α
r
3) (uα1) = σ
ru2p−rv1p+r(u1v2−u2v1)puτ rq2α1+rq1 α
r
3,
so the group G is abelian if and only if v1 ≡ u2 + (u1v2 − u2v1) mod p.
Therefore, for v1 ≡ u2 + (u1v2 − u2v1) mod p we have regular subgroups of the
form
〈uα1, vα3〉 ∼= Cp2 × Cp
for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1 6= 0, v1 = u2 + det(A). (4.94)
To determine the number of these subgroups, we need to determine the number of
matrices
A =
(
u1 v1
u2 u
−1
1 (u2v1 − u2 + v1)
)
∈ GL2(Fp),
so we need to determine the number of triples (u1, u2, v1) with u2, v1 = 0, ..., p − 1
and u1 = 1, ..., p− 1 such that u2 6= v1, which is
(p− 1)p2 − (p− 1)p = (p− 1)2p.
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For v1 6≡ u2 + u1v2 − u2v1 mod p we have the regular subgroups of the form
〈uα1, vα3〉 ∼= M2 (4.95)
for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1, v1 − u2 − det(A) 6≡ 0 mod p;
the number of these matrices is given by the difference between the total number of
invertible matrices with u1 6= 0 and the number of matrices with v1 − u2 = det(A)
and u1 6= 0 which is
(p2 − 1)(p2 − p)− (p− 1)2p− (p− 1)2p.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, it suffices to work with automorphisms of the form β
def
=
(
b1 0
b3 1
) ∈ Aut(M2),
and using (4.81) we have
β (uα1) β
−1 = σκ1pσb1u1τ b3u1+u2α1,
β (uα1)
b−11 b3 (vα3)
b−11 β−1 = σκ2pβ · ub−11 b3β · vb−11 α3,
for some κ1, κ2. Then conjugating 〈uα1, vα3〉 by
(
u−11 0
−u−11 u2 1
)
gives 〈σα1, σv1−u2τu1v2−u2v1α3〉
and these subgroups cannot further be conjugate to each other.
Therefore, we find non-isomorphic skew braces
〈σα1, σu2τu2α3〉 ∼= Cp2 × Cp, 〈σα1, σv1τ v2α3〉 ∼= M2
for v1 = 0, ..., p− 1, u2, v2 = 1, ..., p− 1 with v2 − v1 6≡ 0 mod p. (4.96)
Case II: Next we consider subgroups of the form
G = 〈xα1, yα2αa3〉 .
Note for r 6= 0 we have xrαr1 ∈ G. Now we have
(xrαr1) (yα2α
a
3) = σ
ry1pxryα2α
a
3α
r
1 and
(yα2α
a
3) (x
rαr1) = σ
rax2p+rx1y2p−rx2y1pxryτ rx1α2αa3α
r
1 (4.97)
so for G to have size p3, we must set x1 = 0. Than for G to be regular, we need
x2, y1 6= 0. Now G is abelian if and only if y1 ≡ ax2 − x2y1 mod p.
Therefore, for y1 ≡ ax2 − x2y1 mod p we have regular subgroups of the form〈
τx2α1, σ
y1τ y2α2α
y1(1+x2)x
−1
2
3
〉 ∼= Cp2 × Cp
for y2 = 0, ..., p− 1 x2, y1 = 1, ..., p− 1, (4.98)
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and for y1 6≡ ax2− x2y1 mod p, letting r = y1 (y1 + x2y1 − ax2)−1 in (4.97), we have
regular subgroups
〈τx2α1, σy1τ y2α2αa3〉 ∼= M2 (4.99)
for a, y2 = 0, ..., p− 1, x2, y1 = 1, ..., p− 1 with ax2 − y1 − x2y1 6≡ 0 mod p.
To find the non-isomorphic skew braces corresponding to the above regular sub-
groups, we note that for an automorphism αr33 β
def
= αr33
(
b1 0
b3 1
) ∈ Aut(M2), using
(4.81) we have
(αr33 β) (τ
x2α1) (α
r3
3 β)
−1 = σκ1pτx2α1 and
(αr33 β) (τ
x2α1)
ab1b3−r3− 12ab1(b1−1)− 12 (1−b1) (yα2αa3)
b1 (αr33 β)
−1 =
σκ2pσy1b
2
1τ(ab1b3−r3−
1
2
ab1(b1−1)− 12 (1−b1))x2+b1y2+ 12 b1(b1−1)y1α2α
ab21
3 ,
for some κ1, κ2. Let us write y1 = s
−2
1 s where s = 1, δ and s1 ∈ F×p . Then conjugating
the subgroup 〈τx2α1, yα2αa3〉 with the automorphism represented by αr33 ( s1 00 1 ), where
r3 = −1
2
as1 (s1 − 1)− 1
2
(1− s1) + x−12 s1y2 +
1
2
x−12 s1 (s1 − 1) y1,
gives
〈
τx2α1, σ
sα2α
asy−11
3
〉
.
Therefore, we find non-isomorphic skew braces〈
τx2α1, σ
sα2α
s(1+x2)x
−1
2
3
〉 ∼= Cp2 × Cp, 〈τx2α1, σsα2αa3〉 ∼= M2
with ax2 6= s+ x2s. (4.100)
Case III: Finally, we consider the subgroup
〈
τσbp
〉
of M2 for b = 0, ..., p − 1,
and investigate pairing this subgroup with the subgroups 〈α1, α3〉 , 〈α1, α2αa3〉. Let
us consider a subgroup
G =
〈
τσbp, σu1τu2α1, σ
v1τ v2αa32 α
a2
3
〉
for (a2, a3) 6= (0, 0) .
For this to be a group of order p3 we need u1, v1 ≡ 0 mod p, but such a subgroup
cannot be regular.
In summary: if G ⊆ Hol(M2) is a regular subgroup with |Θ(G)| = p2, then G
is isomorphic to either M2 or Cp2×Cp. In particular, if G is isomorphic to M2, then
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combining lists (4.91), (4.95), and (4.99), the subgroup G is exactly one of
〈τu2α1, σv1τ v2α3〉 for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1 with v1 − u2 + u2v1 6≡ 0 mod p,
〈uα1, vα3〉 for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1, v1 − u2 − det(A) 6≡ 0 mod p,
〈τx2α1, σy1τ y2α2αa3〉 for a, y2 = 0, ..., p− 1, x2, y1 = 1, ..., p− 1
with ax2 − y1 − x2y1 6≡ 0 mod p;
there are
(p− 1)2p− (p− 2)p+ (p2− 1)(p2− p)− (p− 1)2p− (p− 1)2p+ (p− 1)2p2− (p− 1)2p
= (2p3 − 5p2 + 3p+ 1)p
of them, and if G is isomorphic to Cp2 ×Cp, then combining lists (4.90), (4.94), and
(4.98), the subgroup G is exactly one of〈
τu2α1, σ
u2(1+u2)−1τ v2α3
〉
for v2 = 0, ..., p− 1, u2 = 1, ..., p− 2,
〈uα1, vα3〉 for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1 6= 0, v1 = u2 + det(A),〈
τx2α1, σ
y1τ y2α2α
y1(1+x2)x
−1
2
3
〉 ∼= Cp2 × Cp for y2 = 0, ..., p− 1, y1, x2 = 1, ..., p− 1;
and there are
(p− 2)p+ (p− 1)2p+ (p− 1)2p = (2p− 3)p2
of them.
The corresponding skew braces, combining lists (4.92), (4.96), and (4.100), are
〈τu2α1, σv1α3〉 ,
〈
τ−t1α1, σt1τ t2α3
〉
,
〈
σα1, σ
t3τ t4α3
〉
, 〈τx2α1, σsα2αa3〉 ∼= M2,〈
τu4α1, σ
u4(1+u4)−1α3
〉
,
〈
τ−2α1, σ2τα3
〉
, 〈σα1, σu3τu3α3〉 ,
〈
τx2α1, σ
sα2α
s(1+x2)x
−1
2
3
〉 ∼= Cp2×Cp
for a, t3 = 0, ..., p− 1, u2, v1, t1, t4, x2, u3, u4 = 1, ..., p− 1, t2 = 0, 1, s = 1, δ
with v1 6= u2 − u2v1, u2 + v1 6= 0, t1 6= 2, t3 6= t4, ax2 6= s+ x2s, u4 6= p− 1;
therefore there are
(p−1)2− (p−1)− (p−2)+ 1+ 2(p−1)−2+ (p−1)p− (p−1)+ 2(p−1)p−2(p−1)
= 4(p− 1)2
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M2-skew braces of M2 type and
p− 2 + 1 + p− 1 + 2(p− 1) = 4(p− 1)
(Cp2 × Cp)-skew braces of M2 type.
Corollary 4.5.5. We have
e(M2,M2, p
2) = (2p3 − 5p2 + 3p+ 1)p,
e(Cp2 × Cp,M2, p2) = (2p− 3)(p− 1)p2,
and e(G,M2, p
2) = 0 for G M2 or Cp2 × Cp.
Furthermore, we have
e˜(M2,M2, p
2) = 4(p− 1)2,
e˜(Cp2 × Cp,M2, p2) = 4(p− 1),
and e˜(G,M2, p
2) = 0 for G M2 or Cp2 × Cp.
Proof. Follows from Lemma 4.5.4, and calculation similar to Corollary 4.5.3.
Lastly, if G ⊆ Hol(M2) with |Θ(G)| = p3, then we must have Θ(G) = 〈α1, α2, α3〉
and so
G = 〈σu1τu2α1, σv1τ v2α2, σw1τw2α3〉 ,
where for G to have size p3, we require u1, v1, w1 ≡ 0 mod p, but in such case G
cannot be regular. Now we have enough information to state our main theorems.
4.6 Main results I: Hopf-Galois structures and
skew braces for p > 3
In this section we add the contributions from Sections 4.1 – 4.5 and give the number
of Hopf-Galois structures on a Galois field extension of degree p3. We further provide
a list of all non-isomorphic skew braces of order p3 as regular subgroups inside
holomorphs. We discuss the patterns revealed by these results, point to how to
explain some of them, and mention a few further research ideas. The main results
are as follows (we shall consider all congruences modulo p, unless stated otherwise).
We first state our theorems relating to Hopf-Galois structures.
Theorem 4.6.1. Let L/K be a cyclic extension of fields of degree p3 for a prime
p > 2. Then L/K admits precisely p2 Hopf-Galois structures all of which are of
cyclic type.
Proof. Follows from Lemma 4.1.2, and Sections 4.1 – 4.5.
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Theorem 4.6.2. Let L/K be a Cp2×Cp extension of fields for a prime p > 3. Then
L/K admits precisely the following Hopf-Galois structures:
e(Cp2 × Cp, Cp2 × Cp) = (2p− 1)p2
of Cp2 × Cp type and
e(Cp2 × Cp,M2) = (2p− 1)(p− 1)p2
of M2 type.
Proof. Follows from Sections 4.1 – 4.5. For e(Cp2 ×Cp, N) 6= 0 see Sections 4.2 and
4.5.
Theorem 4.6.3. Let L/K be a Cp3 extension of fields for a prime p > 3. Then
L/K admits precisely the following Hopf-Galois structures:
e(C3p , C
3
p) = (p
4 + p3 − 1)p2
of Cp3 type and
e(C3p ,M1) = (p
3 − 1)(p2 + p− 1)p2
of M1 type.
Proof. Follows from Sections 4.1 – 4.5. For e(C3p , N) 6= 0 see Sections 4.3 and
4.4.
Theorem 4.6.4. Let L/K be an M1 extension of fields for a prime p > 3. Then
L/K admits precisely the following Hopf-Galois structures:
e(M1,M1) = (2p
3 − 3p2 + 1)p2
of M1 type and
e(M1, C
3
p) = (p
2 + p− 1)p2
of C3p type.
Proof. Follows from Sections 4.1 – 4.5. For e(M1, N) 6= 0 see Sections 4.3 and
4.4.
Theorem 4.6.5. Let L/K be an M2 extension of fields a prime p > 3. Then L/K
admits precisely the following Hopf-Galois structures:
e(M2,M2) = (2p− 1)(p− 1)p2
of M2 type and
e(M2, Cp2 × Cp) = (2p− 1)p2
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of Cp2 × Cp type.
Proof. Follows from Sections 4.1 – 4.5. For e(M2, N) 6= 0 see Sections 4.2 and
4.5.
Now we state our results for skew braces. In all theorems we assume that p > 3.
We also recall that
δ ∈ F×p \
(
F×p
)2
.
Theorem 4.6.6. There precisely are
e˜(Cp3 , Cp3) = 3
braces of cyclic type all of which are cyclic given, as regular subgroups of the holo-
morph, by
〈σ〉 , 〈σαp〉 , 〈σα〉 ,
where Cp3 = 〈σ〉 and σα = σp+1.
Follows from Section 4.1, Lemma 4.1.2.
Theorem 4.6.7. The braces of Cp2 × Cp type are precisely
e˜(Cp2 × Cp, Cp2 × Cp) = 9
(Cp2 × Cp)-braces given, as regular subgroups of the holomorph, by
〈σ, τ〉 , 〈τ, σα1〉 , 〈τ, σα2〉 , 〈σ, τα3〉 ,
〈τα1, σα3〉 , 〈σα1, τ sα3〉 , 〈τα1, σsα2αs3〉
for s = 1, δ and
e˜(M2, Cp2 × Cp) = 4p+ 1
M2-braces given by
〈τ, σα3〉 , 〈τ, σαs2α3〉 , 〈σ, τα1〉 , 〈σ, τα1α3〉 ,
〈
τα1, σ
t1α3
〉
,
〈
τα1, σ
−1τ t2α3
〉
,
〈
σα1, σ
t3τ sα3
〉
,
〈
τα1, σ
sα2α
t4s
3
〉
for s = 1, δ, t1 = 2, .., p− 2, t2 = 0, 1, t3 = 1, ..., 12(p− 1), t4 = 0, 2, ..., p− 1, where
Cp2 × Cp = 〈σ, τ〉, and α1, α2, α3 as given in Section 4.2.
Proof. Follows from Section 4.2.
Theorem 4.6.8. The braces of C3p type are precisely
e˜(C3p , C
3
p) = 5
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C3p -braces given, as regular subgroups of the holomorph, by
〈ρ, σ, τ〉 , 〈ρ, σ, τA2〉 , 〈ρ, τ sA1, σA3〉 , 〈ρ, σA1, τA2A3〉
for s = 1, δ and
e˜(M1, C
3
p) = 2p+ 1
M1-braces given by
〈ρ, σ, τA3〉 , 〈ρ, σ, τA2A3〉 ,
〈
ρ, σt2τ sA1, σA3
〉
,
〈
ρ, σA1, τ
−1A3
〉
, 〈ρ, σA1, τA2〉 ,
〈
ρ, σA1, τ
t3A2A3
〉
for s = 1, δ, t2 = 1, ...,
1
2
(p− 1), t3 = 2, ..., p− 1, where C3p = 〈τ, σ, ρ〉 and A1, A2, A3
given as in Section 4.3.
Proof. Follows from Section 4.3.
Theorem 4.6.9. The skew braces of M1 type are precisely
e˜(M1,M1) = 2p
2 − p− 3
M1-braces given, as regular subgroups of the holomorph, by
〈ρ, σ, τ〉 , 〈ρ, τ, σα1〉 , 〈ρ, τ, σα2〉 , 〈ρ, τ, σαc3〉 , 〈ρ, τ, σα2αc3〉 ,
〈ρ, σα1, σu3τu4α3〉 ,
〈
ρ, τ−u5α1, σu5α3
〉
, 〈ρ, τx3α1, σα2αa3〉 ,
〈
τ−2α1, ρsτα2, σ2τ t3α3
〉
for c = 2, ..., p− 1, a, u4 = 0, ..., p− 1, u2, u3, u4, x3 = 1, ..., p− 1, t3 = 0, 1, s = 1, δ,
with u5 6= 2, u3 6≡ −u4, ax3 6≡ (1 + x3) and
e˜(C3p ,M1) = 2p+ 1
C3p -braces given by
〈ρ, τ, σα3〉 , 〈ρ, τ, σα2α3〉
〈ρ, σα1, σu2τu2α3〉 ,
〈
ρ, τ−2α1, σ2α3
〉
,
〈
ρ, τx3α1, σα2α
(1+x3)x
−1
3
3
〉
for s = 1, δ, u2, x3 = 1, ..., p − 1, where M1 = 〈ρ, σ, τ〉 and α1, α2, α3 as given in
Section 4.4.
Proof. Follows from Section 4.4.
Theorem 4.6.10. The skew braces of M2 type are precisely
e˜(M2,M2) = 4p
2 − 3p− 1
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M2-braces given, as regular subgroups of the holomorph, by
〈σ, τ〉 , 〈τ, σα1〉 , 〈τ, σαs2〉 , 〈τ, σαc3〉 , 〈τ, σαs2αc3〉 ,
〈
σ, ταb1
〉
, 〈σ, ταa1α3〉 ,
〈τu2α1, σv1α3〉 ,
〈
τ−t1α1, σt1τ t2α3
〉
,
〈
σα1, σ
t3τ t4α3
〉
,
〈
τx2α1, σ
sα2α
d
3
〉
for s = 1, δ, a = 0, ..., p − 2, b = 1, ..., p − 2, c = 2, ..., p − 1, d, t3 = 0, ..., p − 1,
u2, v1, v4, t1, t4, x2 = 1, ..., p − 1, t2 = 0, 1 with u2 6≡ −v1, u2 6≡ v1(1 + u2), t3 6≡ t4,
dx2 6≡ s(1 + x2), t1 6= 2 and
e˜(Cp2 × Cp,M2) = 4p+ 1
(Cp2 × Cp)-braces given by
〈τ, σα3〉 , 〈τ, σαs2α3〉 ,
〈
σ, τα−11
〉
,
〈
σ, τα−11 α3
〉
,〈
τu4α1, σ
u4(1+u4)−1α3
〉
,
〈
τ−2α1, σ2τα3
〉
, 〈σα1, σu3τu3α3〉 ,
〈
τx2α1, σ
sα2α
s(1+x2)x
−1
2
3
〉
for s = 1, δ, u3, x2, u4 = 1, ..., p−1 with u4 6= p−1, where M2 = 〈σ, τ〉 and α1, α2, α3
as given in Section 4.5.
Proof. Follows from Section 4.5.
In the next subsection we shall provide a summary of our results and discuss the
patterns revealed by them.
4.6.1 Discussion on the results and further questions
Our theorems can be summarised in the following two tables
e(G,N) Cp3 Cp2 × Cp C3p M1 M2
Cp3 p
2
Cp2 × Cp (2p− 1)p2 (2p− 1)(p− 1)p2
C3p (p
4 + p3 − 1)p2 (p3 − 1)(p2 + p− 1)p2
M1 (p
2 + p− 1)p2 (2p3 − 3p2 + 1)p2
M2 (2p− 1)p2 (2p− 1)(p− 1)p2
Table 4.1: Number of Hopf-Galois structures of order p3 for p > 3
e˜(G,N) Cp3 Cp2 × Cp C3p M1 M2
Cp3 3
Cp2 × Cp 9 4p+ 1
C3p 5 2p+ 1
M1 2p+ 1 2p
2 − p− 3
M2 4p+ 1 4p
2 − 3p− 1
Table 4.2: Number of skew braces of order p3 for p > 3
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where rows correspond to G and columns to N . Note, immediately we observe that
the number of Hopf-Galois structures are all divisible by p2, and that the number
of skew braces are symmetric along the diagonal. Furthermore, for the groups with
two generators, i.e., Cp2 × Cp and M2, we have
e(Cp2 × Cp, Cp2 × Cp) = e(M2, Cp2 × Cp) and
e(Cp2 × Cp,M2) = e(M2,M2). (4.101)
In fact we observe the same patterns when looking at values of e(G,N,m) and
e˜(G,N,m) for m = 1, p, p2, p3, and we have the following. First we observe
e(G,G, 1) = e˜(G,G, 1) = 1 and e(G,N, 1) = e˜(G,N, 1) = 0 if G 6= N,
also
e(G,N, p3) = e˜(G,N, p3) = 0 if G 6= M1 or N 6= M1,
and we have
e(M1,M1, p
3) = (p2 − 1)(p− 1)p3,
e˜(M1,M1, p
3) = 4.
Next, we find a relationship between e(G,N,m) and e(N,G,m), which is
e(G,N,m) =
|Aut(G)|
|Aut(N)|e(N,G,m); (4.102)
and furthermore, for skew braces we have
e˜(G,N,m) = e˜(N,G,m). (4.103)
Therefore, one may wish to ask the following questions
1. To what extent the pattern of (4.101) holds for p-groups generated by two
elements?
2. To what extent the formula of (4.102) holds for p-groups?
3. To what extent the duality of (4.103) is valid for p-skew braces?
The following subsection gives some explanations for (4.103).
4.6.2 Skew braces of semi-direct product type
Here we provide some reasons as to why our table containing the number of skew
braces is symmetric along the diagonal and investigate this for more general settings.
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First we note that according to [SV17, Example 1.6], if H and N are groups, and
β : H −→ Aut (N)
is a group homomorphism, then the set N ×H with
(n1, h1)⊕ (n2, h2) def= (n1n2, h1h2) ,
(n1, h1) (n2, h2) def= (n1βh1(n2), h1h2)
is a skew brace; furthermore, the set N ×H with
(n1, h1)⊕ (n2, h2) def= (n1βh1(n2), h1h2) ,
(n1, h1) (n2, h2) def= (n1n2, h2h1)
is a skew brace. Therefore, the set N × H can be made into a skew braces in two
different ways: first is when (N ×H,⊕) ∼= N ×H and (N ×H,) ∼= N oβ H, and
second is when (N ×H,⊕) ∼= N oβ H and (N ×H,) ∼= N × H, i.e., through β
we get a (N oβ H)-skew brace of type N × H and a (N ×H)-skew brace of type
N oβ H. This fact may explain why our table for the number of skew braces is
symmetric along the diagonal since we investigate groups of the form C2p o Cp and
Cp2 o Cp. However, we shall show that a more general statement to above holds,
where instead of using one group homomorphism we can use two.
We shall show that for two groups H and N together with two group homomor-
phisms α, β : H −→ Aut (N), if α and β satisfy certain properties, we can make
N ×H into two different skew braces using α, β, similar to the above (note in the
above example α is the trivial homomorphism). This shows that in some situations
one can swap the skew brace structure with the skew brace type. More precisely, we
prove that if H and N are groups, α, β : H −→ Aut (N) are group homomorphisms
such that Imα is an abelian group, and [Imα, Im β] = 1, then the set N×H together
with the operations
(n1, h1)⊕ (n2, h2) def= (n1αh1(n2), h1h2) ,
(n1, h1) (n2, h2) def= (n1βh1(n2), h1h2)
is a skew brace; furthermore, the set N ×H together with the operations
(n1, h1)⊕ (n2, h2) def= (n1βh1(n2), h1h2) ,
(n1, h1) (n2, h2) def= (n1αh1(n2), h2h1) .
We show that we simultaneously find a (N oβ H)-skew brace of type N oαH and a
(N oα Hop)-skew brace of type NoβH. Let us proceed with the proof of this. Thus,
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we fix two groups H and N and two group homomorphisms α, β : H −→ Aut (N).
First we note the following.
Lemma 4.6.11. The set N ×H together with the operation  given by
(n1, h1) (n2, h2) def= (n1αh1(n2), h2h1)
is a group if and only if Imα, the image of α, is an abelian group. Furthermore, in
the case that Imα is an abelian group, we have
(N ×H,) ∼= N oα Hop;
also the map
Ψ : N oα H −→ (N ×H,) given by (n, h) −→
(
n, h−1
)
is a homomorphism if and only if Imα has exponent 2.
Proof. Let us check the associativity of. After this it will be easy to see under what
conditions (N ×H,) is a group since the identity and inverses exist. Therefore,
let (n1, h1) , (n2, h2) , (n3, h3) ∈ N ×H be arbitrary elements. Then we have
(n1, h1) ((n2, h2) (n3, h3)) = (n1, h1) (n2αh2(n3), h3h2)
= (n1αh1(n2)αh1h2(n3), h3h2h1) while
((n1, h1) (n2, h2)) (n3, h3) = (n1αh1(n2), h2h1) (n3, h3)
= (n1αh1(n2)αh2h1(n3), h3h2h1) ;
thus, (N ×H,) is associative if and only if
αh1h2(n3) = αh2h1(n3) for all h1, h2 ∈ H and n3 ∈ N,
which is true if and only if
αh1h2 = αh1αh2 = αh2αh1 = αh2h1 for all h1, h2 ∈ H,
which is true if and only if Imα is an abelian group. This proves the first statement.
To prove the second statement let us suppose that Imα is an abelian group. Let
(n1, h1) , (n2, h2) ∈ N × H be arbitrary elements. To prove the first part we note
that N is a normal subgroup of (N ×H,), which gives rise to the exact sequence
1 N (N ×H,) Hop 1.
This exact sequence is a split by the homomorphism Hop −→ (N ×H,) which
maps h 7−→ (1, h), so we have (N ×H,) ∼= N o Hop. One can check that the
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action of Hop on N is given by α.
Finally, the map Ψ is a group homomorphism if and only if
Ψ (n1αh1(n2), h1h2) =
(
n1αh1(n2), (h1h2)
−1) =
Ψ (n1, h1)Ψ (n2, h2) =
(
n1αh−11 (n2), (h1h2)
−1
)
,
so the second statement is proved if and only if
αh1(n2) = αh−11 (n2) for all h1 ∈ H and n2 ∈ N,
which is true if and only if
αh1 = αh−11 for all h1 ∈ H
which is true if and only if Imα has exponent 2.
For the rest of our calculations we shall assume that Imα is an abelian group,
and so by Lemma 4.6.11, the set N ×H together with the operation  given by
(n1, h1) (n2, h2) def= (n1αh1(n2), h2h1)
is a group. Now we have the following proposition.
Proposition 4.6.12. The set N ×H together with the operations
(n1, h1)⊕ (n2, h2) def= (n1αh1(n2), h1h2) ,
(n1, h1) (n2, h2) def= (n1βh1(n2), h1h2)
is a skew brace, furthermore, the set N ×H together with the operations
(n1, h1)⊕ (n2, h2) def= (n1βh1(n2), h1h2) ,
(n1, h1) (n2, h2) def= (n1αh1(n2), h2h1)
is a skew brace, if and only if [Imα, Im β] = 1.
Proof. Let use prove the first part. It is clear that
(N ×H,⊕) = N oα H and (N ×H,) = N oβ H.
Now let (n1, h1) , (n2, h2) , (n3, h3) ∈ N ×H be arbitrary elements. Then we have
(n1, h1) ((n2, h2)⊕ (n3, h3)) = (n1, h1) (n2αh2(n3), h2h3)
= (n1βh1(n2)βh1 (αh2(n3)) , h1h2h3) ,
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on the other hand we have
((n1, h1) (n2, h2))	 (n1, h1)⊕ ((n1, h1) (n3, h3))
= (n1βh1(n2), h1h2)⊕
(
αh−11 (n
−1
1 ), h
−1
1
)
⊕ (n1βh1(n3), h1h3)
=
(
n1βh1(n2)αh1h2(αh−11 (n
−1
1 )), h1h2h
−1
1
)
⊕ (n1βh1(n3), h1h3)
=
(
n1βh1(n2)αh1h2h−11 (n
−1
1 )αh1h2h−11 (n1βh1(n3)), h1h2h
−1
1 h1h3
)
= (n1βh1(n2)αh2(βh1(n3)), h1h2h3) ,
thus the first set of operations make N ×H into a skew braces if and only if
βh1 (αh2(n3)) = αh2(βh1(n3)) for all h1, h2 ∈ H and n3 ∈ N,
i.e., if and only if
βh1αh2 = αh2βh1 for all h1, h2 ∈ H,
which is true if and only if [Imα, Im β] = 1.
Similarly, let us consider the second set of operations. It is clear that (N ×H,⊕) =
N oβ H, and by Lemma 4.6.11, we know that (N ×H,) is a group, which is iso-
morphic to N oα Hop. Now we have
(n1, h1) ((n2, h2)⊕ (n3, h3)) = (n1, h1) (n2βh2(n3), h2h3)
= (n1αh1(n2)αh1 (βh2(n3)) , h2h3h1) ,
on the other hand we have
((n1, h1) (n2, h2))	 (n1, h1)⊕ ((n1, h1) (n3, h3))
= (n1αh1(n2), h2h1)⊕
(
βh−11 (n
−1
1 ), h
−1
1
)
⊕ (n1αh1(n3), h3h1)
=
(
n1αh1(n2)βh2h1(βh−11 (n
−1
1 )), h2h1h
−1
1
)
⊕ (n1αh1(n3), h3h1)
=
(
n1αh1(n2)βh2(n
−1
1 )βh2(n1αh1(n3)), h2h3h1
)
= (n1αh1(n2)βh2(αh1(n3)), h2h3h1) ,
thus the second set of operations make N ×H into a skew braces if and only if
αh1 (βh2(n3)) = βh2(αh1(n3)) for all h1, h2 ∈ H and n3 ∈ N,
i.e., if and only if
αh1βh2 = βh2αh1 for all h1, h2 ∈ H,
which is again true if and only if [Imα, Im β] = 1.
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4.6.3 A future research plan
One of our future research plans is to establish to what extent the patterns observed
in our results are general and to expand our current results, by studying, initially,
certain Hopf-Galois structures and skew braces of order pn, for some prime p > 2,
whose type has at most three generators. More precisely, we would like to study
Hopf-Galois structures and skew braces whose type is given as a semi-direct product
of the cyclic group of order p acting on an abelian group of order some power of p
which has at most two generators. This we deem possible since in our thesis, for
a prime p, we have studied Hopf-Galois structures and skew braces whose type is
given as (
Cpe × Cpf
)
o Cp,
subject to e+ f ≤ 2, where e ≥ 0 and f ≥ 0 are integers, and we aim to generalise
these results by relaxing the restrictions on e and f .
We believe that the outcome of above proposed plans will advance our under-
standing of the classification of Hopf-Galois structures and p-skew braces, and also
shed light on how one might approach when aiming to understand semi-direct type
skew braces, at least for simple cases. If successful, our goal is to continue study-
ing more complex p-skew braces, in particular how one can create skew braces via
extension of smaller skew braces, at least for p-skew braces.

Chapter 5
Hopf-Galois structures and skew
braces of order p2 and p3: special
cases
In this chapter we study Hopf-Galois structures and skew braces of order p2, 8, and
27.
5.1 Main results II: special cases
The main results, some which are known, but we have reproduced here for com-
pleteness, are the following.
Theorem 5.1.1. Let L/K be a cyclic extension of fields of degree p2 for a prime p.
Then for p > 2 the extension L/K admits precisely p Hopf-Galois structures all of
which are of cyclic type.
For p = 2 the extension L/K admits precisely one Hopf-Galois structure of cyclic
type and one Hopf-Galois structure of elementary abelian type.
Theorem 5.1.2. Let L/K be an elementary abelian extension of fields of degree p2
for a prime p. Then for p > 2 the extension L/K admits precisely p2 Hopf-Galois
structures all of which are of elementary abelian type.
For p = 2 the extension L/K admits precisely one Hopf-Galois structure of
elementary abelian type and three Hopf-Galois structures of cyclic type.
We remark that these two theorems were originally proved by Byott in [Byo96].
5.1 Main results II: special cases 135
Theorem 5.1.3. Let L/K be a Galois extension of fields of degree 27 with Galois
group G. Then e(G,N) is given by the table
e(G,N) C27 C9 × C3 C33 M1 M2
C27 9
C9 × C3 39 6 12 78
C33 624 339 1300 1248
M1 48 51 317 96
M2 39 6 12 78
Table 5.1: Number of Hopf-Galois structures of order 27
where rows correspond to G and columns to N .
The results corresponding to the classification of skew braces of order 27 are the
following.
Theorem 5.1.4. Let G be a group of order 27. Then e˜(G,N) is given by the table
e˜(G,N) C27 C9 × C3 C33 M1 M2
C27 3
C9 × C3 8 1 2 11
C33 1 4 5 2
M1 2 5 14 4
M2 11 2 4 22
Table 5.2: Number of skew braces of order 27
where rows correspond to G and columns to N .
In the table in Theorem 5.1.4, results in the first three columns also follow from
[Bac15, Theorem 3.2]. The final two columns are new results in the classification
of skew braces. However we remark that we noticed two errors in [Bac15, Theorem
3.2, 2]: first one is in [Bac15, Theorem 3.2, 2, Socle of order p2] where for p = 3 the
final brace should be, using Bachiller’s notation, M(p) brace (or M1 brace) rather
than M3(p) brace (or M2 brace), and second one is in [Bac15, Theorem 3.2, 2, Socle
of order p3] the brace should be, using Bachiller’s notation, Z/(p) × Z/(p2) rather
than M3(p). For p = 2 we have the following theorems on the next page.
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Theorem 5.1.5. Let L/K be a Galois extension of fields of degree 8 with Galois
group G. Then e(G,N) is given by the table
e(G,N) C8 C4 × C2 C32 D8 Q8
C8 2 2 2
C4 × C2 4 10 4 6 2
C32 42 8 42 14
D8 2 14 6 6 2
Q8 6 6 2 6 2
Table 5.3: Number of Hopf-Galois structures of order 8
where rows correspond to G and columns to N .
In the table in Theorem 5.1.5 results in the first row also follows from [Byo07,
Theorem 5.1]. The rest of the four rows are new results. The results corresponding
to the classification of skew braces of order 8 are the following.
Theorem 5.1.6. Let G be a group of order 8. Then e˜(G,N) is given by the table
e˜(G,N) C8 C4 × C2 C32 D8 Q8
C8 2 2 2
C4 × C2 1 6 3 3 1
C32 2 2 1 1
D8 1 5 2 4 2
Q8 1 1 1 2 2
Table 5.4: Number of skew braces of order 8
where rows correspond to G and columns to N .
The rest of the sections through to the end of the document are dedicated to
proving the above theorems. In Section 5.2, we determine Hopf-Galois structures
and skew braces of C2n for n = 2, 3. In Section 5.3, we determine Hopf-Galois
structures and skew braces of type C2p , C
3
3 and C
3
2 . In Section 5.4, we determine
Hopf-Galois structures and skew braces of type C9 × C3 and C4 × C2. In Section
5.5, we determine Hopf-Galois structures and skew braces of type M1 for p = 3. In
Section 5.6, we determine Hopf-Galois structures and skew braces of type M2 for
p = 3. In Section 5.7, we determine Hopf-Galois structures and skew braces of type
D8. Finally, In Section 5.8, we determine Hopf-Galois structures and skew braces
of type Q8 for p = 3.
5.2 Regular subgroups in Hol(C2n)
In this section we find the regular subgroups contained in Hol(C2n) for n = 2, 3 and
the corresponding braces. The main result of this section is the following.
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Proposition 5.2.1. For n = 2 we have
e(C4, C4) = 1 and e(C
2
2 , C4) = 3.
Furthermore, we have
e˜(C4, C4) = 1 and e˜(C
2
2 , C4) = 1.
For n = 3 we have e(C8, C8) = 2,
e(C22 × C2, C8) = 4, e(D8, C8) = 2, e(Q8, C8) = 6,
and e(G,C8) = 0 otherwise. Furthermore, we have e˜(C8, C8) = 2,
e˜(C4 × C2, C8) = 1, e˜(D8, C8) = 1, e˜(Q8, C8) = 1,
and e˜(G,C8) = 0 otherwise.
The proof of the proposition above follows from calculations in the rest of this
section. We use the identification
C2n ∼= Z/2nZ given by σ −→ 1 mod 2n.
By Lemma 3.1.1, we may identify the holomorph of Cpn with
Hol(C2n) = {[t, β] : t ∈ Z/2nZ, β ∈ Aut(C2n)} ∼= (Z/2nZ)o (C2n−2 × C2).
Note, the image of a subgroup of Hol(C2n) of order 2
n in Aut(C2n) under the natural
projection
Θ : Hol(C2n) −→ Aut(C2n)
must lie in
〈α1, α2〉 ∼= C2n−2 × C2, where α1(1) = 5 and α2(1) = −1.
Note if n = 2 and G is a regular subgroup contained in Hol(C4), then G must
be one of the
〈[1, id]〉 ∼= C4, 〈[2, id], [1, α2]〉 ∼= C22
and from this follows the first part of Proposition 5.2.1.
Lemma 5.2.2. For n = 3 inside Hol(C8) there are two cyclic regular subgroups,
two isomorphic to C4 × C2, one isomorphic to D8 and one isomorphic to Q8 given
by
〈[1, id]〉 , 〈[2, id], [1, α1]〉 ∼= C8, 〈[2, id], [1, α2]〉 ∼= D8,
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〈[2, id], [1, α1α2]〉 ∼= D8, 〈[v1, α1], [−v1, α2]〉 ∼= C4 × C2 for v1 = 1, 3.
Furthermore, there are two C8, one C4 × C2, one D8, and one Q8-braces of C8
type.
Proof. If G ⊆ Hol(C8) with |Θ(G)| = 1, then we must have G = 〈[1, id]〉.
If G ⊆ Hol(C8) with |Θ(G)| = 2, then we must have that G is one of the following
〈[2, id], [1, α1]〉 ∼= C8, 〈[2, id], [1, α2]〉 ∼= D8, 〈[2, id], [1, α1α2]〉 ∼= Q8.
If G ⊆ Hol(C8) with |Θ(G)| = 4, then we must have that
G = 〈[4, id], [v1, α1], [v2, α2]〉
and for G to be regular it must be one of the following
〈[v1, α1], [−v1, α2]〉 ∼= C4 × C2 for v1 = 1, 3.
Therefore, there are two cyclic regular subgroups, two isomorphic to C4 × C2,
one isomorphic to Q8, and one isomorphic to D8. The corresponding non-isomorphic
braces are easily found.
Corollary 5.2.3. For p = 2 we have e(C8, C8, 1) = 1,
e(C8, C8, 2) = 1,
e(C4 × C2, C8, 4) = 4,
e(D8, C8, 2) = 2,
e(Q8, C8, 2) = 6,
and e(G,C8, 2
n−m) = 0 otherwise.
Furthermore, we have e˜(C8, C8, 1) = 1,
e˜(C8, C8, 2) = 1,
e˜(C4 × C2, C8, 4) = 1,
e˜(D8, C8, 2) = 1,
e˜(Q8, C8, 2) = 1,
and e˜(G,C8, 2
n−m) = 0 otherwise.
Proof. Follows from Lemma 5.2.2, and the formula
e(G,C8, 2
3−m) def=
|Aut(G)|
|Aut(C8)|e
′(G,C8, 23−m).
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5.3 Regular subgroups in Hol(Cp2 × Cp) for special
cases
In this section we find the regular subgroups contained in Hol(Cp2×Cp), for p = 2, 3,
and the corresponding braces of Cp2 × Cp type. The main result of this section is
the following.
Proposition 5.3.1. For p = 3 we have
e(Cp2 × Cp, Cp2 × Cp) = 39,
e(M2, Cp2 × Cp) = 39,
e(C3p , Cp2 × Cp) = 624,
e(M1, Cp2 × Cp) = 48,
and e(Cp3 , C
3
p) = 0. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp) = 8,
e˜(M2, Cp2 × Cp) = 11,
e˜(C3p , Cp2 × Cp) = 1,
e˜(M1, Cp2 × Cp) = 2,
and e˜(Cp3 , C
3
p) = 0.
For p = 2 we have
e(Cp2 × Cp, Cp2 × Cp) = 10,
e(D8, Cp2 × Cp) = 14,
e(C3p , Cp2 × Cp) = 42,
e(Q8, Cp2 × Cp) = 6,
and e(Cp3 , C
3
p) = 0. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp) = 6,
e˜(D8, Cp2 × Cp) = 5,
e˜(C3p , Cp2 × Cp) = 2,
e˜(Q8, Cp2 × Cp) = 1,
and e˜(Cp3 , C
3
p) = 0.
The proof of proposition above follows from calculations in the rest of this section.
We shall use the notation of Section 4.2. Recall a subgroup of Hol(Cp2×Cp) of order
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p3 lies in
(Cp2 × Cp)o 〈α1, α2, α3〉 ∼= (Cp2 × Cp)oM1.
Note, M1 ∼= M2 = D8 for p = 2.
We have
e(Cp2 × Cp, Cp2 × Cp, 1) = e˜(Cp2 × Cp, Cp2 × Cp, 1) = 1 and
e(G,Cp2 × Cp, 1) = e˜(G,Cp2 × Cp, 1) = 0 if G 6= Cp2 × Cp.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas. Note, for
natural numbers ai and an element v = v1e1 + v2e2 ∈ Z/p2Z× Z/pZ, we have
(vαa11 α
a2
2 α
a3
3 )
p =
{
(1 + a2a3) v1pe1, if p = 3
(((1 + a1) v1 + a3v2) pe1 + a2v1e2)α
a2a3
1 , if p = 2,
(5.1)
so the element vαa11 α
a2
2 α
a3
3 can have order p or p
2 depending on various configura-
tions, and this is the main difference in comparison to Section 4.2.
We further recall that any automorphism α ∈ Aut(Cp2 × Cp) can be written as
α = αr33 β for some β
def
=
(
b1 0
b3 b4
)
∈ Aut(Cp2 × Cp)
and some integer r3 which matters modulo p.
Now, for p = 3, we have
α (vαa11 α
a2
2 α
a3
3 )α
−1 = α · vαa1−a3b3b−14 +r2a2b−11 b41 αa2b
−1
1 b4
2 α
a3b1b
−1
4
3 , where
α · v = b1v1e1 + r3 (b3v1 + b4v2) pe1 + (b3v1 + b4v2) e2.
Similarly, for p = 2 we have
α (vαa11 α
a2
2 α
a3
3 )α
−1 = α · vαa1−a3b3+r3a21 αa22 αa33 , where
α · v = v1e1 + r3 (b3v1 + v2) pe1 + (b3v1 + v2) e2.
Lemma 5.3.2. For p = 3 and |Θ(G)| = p there are exactly
(2p+ 1)(p− 1)
regular subgroups isomorphic to Cp2 × Cp,
(2p− 1)(p− 1)p
isomorphic to M2, and (p − 1)p isomorphic to M1 contained in Hol(Cp2 × Cp).
Furthermore, there are three Cp2×Cp, four M2, and one M1-braces of Cp2×Cp type.
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For p = 2 and |Θ(G)| = p there are exactly p2 regular subgroups isomorphic
to Cp2 × Cp, p2 isomorphic to D8, one isomorphic to C3p , and p isomorphic to Q8
contained in Hol(Cp2 × Cp). Furthermore, there are two Cp2 × Cp, two D8, one C3p ,
and one Q8-braces of Cp2 × Cp type.
Proof. If G ⊆ Hol(Cp2×Cp) with |Θ(G)| = p, then we must have Θ(G) ⊆ 〈α1, α3, α2〉
a subgroup of order p and G ∩ (Cp2 × Cp) a subgroup of order p2. We classify the
regular subgroups for p = 3 first and then do the same for p = 2. We also note that
in places some of the calculations are similar to that of Lemma 4.2.2, where we have
avoided repetitions of those calculations as much as possible.
Now for p = 3, we have that Θ(G) is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
and G ∩ (Cp2 × Cp) is one of
〈pe1, e2〉 , 〈e1 + de2〉 for d = 0, ..., p− 1.
Let us consider a subgroup of the form
G = 〈pe1, e2, g〉 where g def= e1αa11 αa22 αa33 .
Using (5.1) we have gp = (1 + a2a3) pe1, which implies that G has exponent p
2 if
and only if 1 + a2a3 6≡ 0 mod p. Now for r 6= 0 we have
(e1α
a1
1 α
a2
2 α
a3
3 ) (re2) = (ra3pe1) (re2) (e1α
a1
1 α
a2
2 α
a3
3 ) ,
so G is abelian if and only if a3 = 0.
Therefore, we find regular subgroups
〈e2, e1αc1〉 , 〈e2, e1αa1αc2〉 ∼= Cp2 × Cp,〈
e2, e1α
a
1α
b
2α
c
3
〉 ∼= M2, 〈pe1, e2, e1αa1α−c−12 αc3〉 ∼= M1
for a, b = 0, ..., p− 1, c = 1, ..., p− 1 with b 6= −c−1.
Finally, we consider the subgroup 〈e1 + de2〉 of Cp2 × Cp and investigate the
possibility of pairing 〈e1 + de2〉 with the groups 〈α1〉 , 〈αa1α2〉 ,
〈
αc1α
b
2α3
〉
. Note we
need
αa11 α
a2
2 α
a3
3 · (e1 + de2) = (1 + a1p+ a3dp) e1 + (d+ a2) e2 ∈ 〈e1 + de2〉
which implies that we need a2 = 0.
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Therefore, we find regular subgroups
〈
e1 + de2, e2α
−cd
1 α
c
3
〉 ∼= Cp2 × Cp for d = 0, ..., p− 1, c = 1, ..., p− 1,
〈e1 + d1e2, e2αa11 〉 , 〈e1 + de2, e2αa1αc3〉 ∼= M2
for a, d, d1 = 0, ..., p− 1, a1, c = 1, ..., p− 1, with a+ cd 6≡ 0 mod p.
Therefore, if G ⊆ Hol(Cp2 × Cp) is a regular subgroup with |Θ(G)| = p and
p = 3, then G is isomorphic to either Cp2 × Cp, M2, or M1. In particular, there are
(2p+ 1)(p− 1) regular subgroups isomorphic to Cp2 × Cp,
(p− 1)2p+ (p− 1)p+ (p− 1)p2 − (p− 1)p = (2p− 1)(p− 1)p
isomorphic to M2, and (p− 1)p isomorphic to M1.
The corresponding non-isomorphic braces for p = 3 are
〈e2, e1α1〉 , 〈e2, e1α2〉 , 〈e1, e2α3〉 ∼= Cp2 × Cp,
〈e2, e1α3〉 , 〈e2, e1α2α3〉 , 〈e1, e2α1〉 , 〈e1, e2α1α3〉 ∼= M2,
〈
pe1, e2, e1α
2
2α3
〉 ∼= M1.
For p = 2, we have that Θ(G) is one of
〈αa11 αa22 αa33 〉with a2a3 = 0
and G ∩ (Cp2 × Cp) is one of
〈pe1, e2〉 , 〈e1 + de2〉 for d = 0, 1.
Let us consider
G = 〈pe1, e2, g〉 where g def= e1αa11 αa22 αa33 .
Then using (5.1) we have gp = (1 + a1) pe1 + a2e2. We also have
ge2 = (a3pe1) (e2) g,
so G is abelian if and only if a3 = 0.
Therefore, we find regular subgroups
〈pe1, e2, e1αa1α2〉 ∼= Cp2 × Cp, 〈pe1, e2, e1α1〉 ∼= C3p , 〈pe1, e2, e1αa1α3〉 ∼= D8.
Next, we can consider
G = 〈e1 + de2, e2αa11 αa22 αa33 〉 ,
and as before we find that we need to set a2 = 0. Then using (5.1) we have
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(e2α
a1
1 α
a3
3 )
p = a3pe1. We also have
(e2α
a1
1 α
a3
3 ) (e1 + de2) = ((a1 + a3d) pe1) (e1 + de2) (e2α
a1
1 α
a3
3 ) ,
so G is abelian if and only a1 + a3d ≡ 0 mod p.
Therefore, we find regular subgroups
〈
e1 + de2, e2α
d
1α3
〉 ∼= Cp2 × Cp, 〈e1 + de2, e2α1〉 ∼= D8, 〈e1 + de2, e2αd+11 α3〉 ∼= Q8.
The corresponding non-isomorphic braces for p = 2 are
〈e2, e1α2〉 , 〈e1, e2α3〉 ∼= Cp2 × Cp, 〈pe1, e2, e1α1〉 ∼= C3p ,
〈e2, e1α3〉 , 〈e1, e2α1〉 ∼= D8, 〈e1, e2α1α3〉 ∼= Q8.
Corollary 5.3.3. For p = 3 we have
e(Cp2 × Cp, Cp2 × Cp, p) = (2p+ 1)(p− 1),
e(M2, Cp2 × Cp, p) = (2p− 1)p,
e(M1, Cp2 × Cp, p) = (p− 1)3p,
and e(G,Cp2 × Cp, p) = 0 otherwise. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p) = 3,
e˜(M2, Cp2 × Cp, p) = 4,
e˜(M1, Cp2 × Cp, p) = 1,
and e˜(G,Cp2 × Cp, p) = 0 otherwise.
For p = 2 we have
e(Cp2 × Cp, Cp2 × Cp, p) = p2,
e(D8, Cp2 × Cp, p) = p2,
e(C3p , Cp2 × Cp, p) = (p3 − 1)(p+ 1),
e(Q8, Cp2 × Cp, p) = (p+ 1)p,
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and e(Cp3 , Cp2 × Cp, p) = 0. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p) = 2,
e˜(D8, Cp2 × Cp, p) = 2,
e˜(C3p , Cp2 × Cp, p) = 1,
e˜(Q8, Cp2 × Cp, p) = 1,
and e˜(Cp3 , Cp2 × Cp, p) = 0.
Proof. Follows from Lemma 5.3.2.
Remark 5.3.4. Comparing our results in the above lemma with [Bac15], we seem to
find an error in [Bac15], which we have explained below. For p = 3, let us consider
the subgroup
G =
〈
pe1, e2, e1α
2
2α3
〉 ⊆ Hol(Cp2 × Cp),
where
α2
def
=
(
1 0
1 1
)
, α3
def
=
(
1 p
0 1
)
∈ Aut(Cp2 × Cp).
Note,
α22α3 · e2 =
(
1 0
2 1
)(
1 p
1 1
)(
0
1
)
=
(
1 0
2 1
)(
p
1
)
=
(
p
1
)
= pe1 + e2,
α22α3 · e1 =
(
1 0
2 1
)(
1 p
0 1
)(
1
0
)
=
(
1 0
2 1
)(
1
0
)
=
(
1
2
)
= e1 + 2e2.
The elements pe1, e2 ∈ G have order p and(
e1α
2
2α3
)p
=
(
e1α
2
2α3
) (
e1α
2
2α3
) (
e1α
2
2α3
)
=
(
e1α
2
2α3
) (
(2e2 + 2e1)
(
α22α3
)2)
= (e1 + 2e1 + 2pe1)
(
α22α3
)3
= (pe1 + 2pe1) = 3pe1 = 1,
so the element e1α
2
2α3 ∈ G also has order p; we further have(
e1α
2
2α3
)
e2 = (e2 + e1 + pe1)α
2
2α3 = (pe1) (e2)
(
e1α
2
2
)
;
thus G ∼= M1, and G is regular since |Orb(0)| > p2; but this is different to results
obtained in [Bac15, Theorem 3.2, 2, Socle of order p2] i.e., M2. Hence, we verified
that there is an inaccuracy in [Bac15, Theorem 3.2, 2, Socle of order p2] for the final
brace.
Lemma 5.3.5. For p = 3 and |Θ(G)| = p2 there are exactly (p − 1)3p regular
subgroups isomorphic to Cp2 ×Cp, (p− 1)4p isomorphic to M2, (p− 1)p isomorphic
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to C3p , and (p − 1)p isomorphic to M1 contained in Hol(Cp2 × Cp). Furthermore,
there are four Cp2 × Cp, seven M2, one C3p , and one M1-braces of Cp2 × Cp type.
For p = 2 and |Θ(G)| = p2 there are exactly p2 + 1 regular subgroups isomorphic
to Cp2 × Cp, (p + 1)p isomorphic to D8, and one isomorphic to C3p contained in
Hol(Cp2 × Cp). Furthermore, there are three Cp2 × Cp, two D8, and one C3p -braces
of Cp2 × Cp type.
Proof. If G ⊆ Hol(Cp2 × Cp) with |Θ(G)| = p2, then we must have Θ(G) ⊆
〈α1, α2, α3〉 a subgroup of order p2 and G ∩ (Cp2 × Cp) a subgroup of order p.
For p = 3 we have that Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1,
and G ∩ (Cp2 × Cp) is one of
〈pe1〉 , 〈bpe1 + e2〉 for b = 0, ..., p− 1.
We start with the subgroup 〈pe1〉 of Cp2 ×Cp on which 〈α1, α3, α2〉 acts trivially.
Thus, to obtain regular subgroups we need to consider subgroups of the form
G = 〈pe1, vα1, uα3〉 , 〈pe1, xα1, yα2αa3〉 for a, vi, ui, xi, yi = 0, ..., p− 1
where v, u, x, y ∈ Cp2 × Cp. Note
(vα1)
p = pv1e1, (uα3)
p = pu1e1, (yα2α
a
3)
p = (1 + a) py1e1.
Now calculation identical to that of Lemma 4.2.4 shows that considering subgroups
of the form
G = 〈vα1, uα3〉 ,
we find regular subgroups
〈v1e2α1, vα3〉 ∼= Cp2 × Cp for v2 = 0, ..., p− 1, v1 = 1, ..., p− 1,
〈u2e2α1, vα3〉 ∼= M2 for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1 with u2 − v1 6≡ 0 mod p,
〈uα1, (u2e1 + v2e2)α3〉 ∼= Cp2 × Cp for A =
(
u1 v1
u2 u1
)
∈ GL2(Fp) with u1 6= 0,
〈uα1, vα3〉 ∼= M2 for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1, u2 − v1 6≡ 0 mod p.
Next, we consider subgroups of the form
G = 〈pe1, xα1, yα2αa3〉 .
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For G to have order p3 we must set x1 = 0. Then for G to be regular we need
x2, y1 6= 0, so yα2αa3 has order p2 if a = 0, 1 and has order p if a = 2; we find regular
subgroups
〈x2e2α1, (x2e1 + y2e2)α2α3〉 ∼= Cp2 × Cp for y2 = 0, ..., p− 1, x2 = 1, ..., p− 1,〈
pe1, x2e2α1, (y2e2 − x2e1)α2α−13
〉 ∼= C3p for y2 = 0, ..., p− 1, x2 = 1, ..., p− 1,
〈x2e2α1, yα2αa3〉 ∼= M2 for y2 = 0, ..., p− 1, a = 0, 1, y1, x2 = 1, ..., p− 1 with ax2 6= y1,〈
pe1, x2e2α1, yα2α
−1
3
〉 ∼= M1 for y2 = 0, ..., p− 1, y1, x2 = 1, ..., p− 1 with 2x2 6= y1.
Finally, there cannot be any pairing between subgroups of the form 〈bpe1 + e2〉
of Cp2 × Cp for b = 0, ..., p− 1 with any subgroups of the form
〈α1, α3〉 , 〈α1, α2αa3〉
which results in a regular subgroup.
In summary, we have that if G ⊆ Hol(Cp2 × Cp) is a regular subgroup with
|Θ(G)| = p2 and p = 3, then G is isomorphic to either Cp2 × Cp, M2, C3p , or M1. In
particular, there are
(p− 1)p+ (p− 1)2p+ (p− 1)p = (p− 1)3p
regular subgroups isomorphic to Cp2 × Cp,
(p− 1)(p− 2)p+ (p2 − 2p+ 1)(p− 1)p+ (p− 1)3p− (p− 1)p = (p− 1)4p
isomorphic to M2,
(p− 1)p
isomorphic to C3p , and
(p− 1)(p− 2)p = (p− 1)p
isomorphic to M1.
The corresponding non-isomorphic braces for p = 3 are
〈e2α1, e1α3〉 , 〈e1α1, se2α3〉 , 〈e2α1, e1α2α3〉 ∼= Cp2 × Cp,〈
pe1, e2α1,−e1α2α−13
〉 ∼= C3p , 〈e2α1, (t2e2 − e1)α3〉 , 〈e1α1, (se2 + e1)α3〉 ,
〈e2α1, se1α2〉 , 〈e2α1,−e1α2α3〉 ∼= M2,
〈
pe1e2α1, e1α2α
−1
3
〉 ∼= M1 for s ∈ F×p , t2 = 0, 1.
For p = 2 we have that Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, 1,
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and G ∩ (Cp2 × Cp) is one of
〈pe1〉 , 〈bpe1 + e2〉 for b = 0, 1.
Let us consider pairing of 〈α1, αa22 αa33 〉 and 〈b1pe1 + b2e2〉. Suppose
G = 〈b1pe1 + b2e2, uα1, vαa22 αa33 〉 .
Then we need
α1 · (b1pe1 + b2e2) = b1pe1 + b2e2 ∈ 〈b1pe1 + b2e2〉 ,
αa22 α
a3
3 · (b1pe1 + b2e2) = (b1 + a3b2) pe1 + b2e2 ∈ 〈b1pe1 + b2e2〉 , (5.2)
so we need a3b2 ≡ 0 mod p. Further, note we have (uα1)p = 1 and
(vαa22 α
a3
3 )
p = ((v1 + a3v2) pe1 + a2v1e2)α
a2a3
1 . (5.3)
We also have
(uα1) (vα
a2
2 α
a3
3 ) = (u+ v + pv)α1α
a2
2 α
a3
3 and
(vαa22 α
a3
3 ) (uα1) = (u+ v + a3u2pe1 + a2u1e2)α1α
a2
2 α
a3
3 ;
thus we need
(uα1) (vα
a2
2 α
a3
3 ) (uα1)
−1 (vαa22 α
a3
3 )
−1 = (a3u2 − v1) pe1 + a2u1e2 ∈ 〈b1pe1 + b2e2〉 ,
(5.4)
Note for G to be regular we need at least u+v+pv 6= 0 and u+v+a3u2pe1+a2u1e2 6=
0. Now we consider two cases for b2 = 0 and 1.
If b2 = 0, then (5.4) implies that we need a2u1 = 0, and the subgroup G is
abelian if and only if a3u2 = v1. Therefore, when a2 = 0 considering subgroups of
the form 〈pe1, uα1, vα3〉 case by case, we find regular subgroups
〈e1α1, e2α3〉 , 〈(u1e1 + e2)α1, e1α3〉 ∼= Cp2 × Cp for u1 = 0, 1,
〈pe1, e2α1, (e1 + e2)α3〉 ∼= C3p ,
〈pe1, (e1 + e2)α1, e2α3〉 , 〈pe1, e1α1, (e1 + e2)α3〉 ∼= D8,
and when a2 = 1 considering subgroups of the form 〈pe1, xα1, yα2αa3〉, first we need
to set x1 = 0, and we find regular subgroups
〈pe1, e2α1, (e1 + y2e2)α2α3〉 ∼= Cp2 × Cp for y2 = 0, 1.
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Finally, if b2 = 1, by (5.2) we must set a3 = 0, so a2 = 1. Considering that cases
for v1 = 1, 2, 3, we find regular subgroups
〈e2, u1e1α1, pe1α2〉 , 〈pe1 + e2, u1e1α1,−u1e1α2〉 ∼= D8 for u1 = 1, 3.
In summary, if G ⊆ Hol(Cp2 × Cp) is a regular subgroup with |Θ(G)| = p2 and
p = 2, then G is isomorphic to either Cp2 × Cp, D8, or C3p . In particular, there are
p2 + 1 regular subgroups isomorphic to Cp2 × Cp, there are (p + 1)p isomorphic to
D8, and one isomorphic to C
3
p .
The corresponding non-isomorphic braces for p = 2 are
〈pe1, e1α1, e2α3〉 , 〈pe1, e2α1, e1α3〉 , 〈pe1, e2α1, e1α2α3〉 ∼= Cp2 × Cp,
〈pe1, (e1 + e2)α1, e2α3〉 , 〈e2, e1α1, pe1α2〉 ∼= D8,
〈pe1, e2α1, (e1 + e2)α3〉 ∼= C3p .
Corollary 5.3.6. For p = 3 we have
e(Cp2 × Cp, Cp2 × Cp, p2) = (p− 1)3p,
e(M2, Cp2 × Cp, p2) = (p− 1)3p,
e(C3p , Cp2 × Cp, p2) = (p3 − 1)(p− 1)3p,
e(M1, Cp2 × Cp, p2) = (p− 1)3p,
and e(Cp3 , Cp2 × Cp, p2) = 0. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p2) = 4,
e˜(M2, Cp2 × Cp, p2) = 7,
e˜(C3p , Cp2 × Cp, p2) = 1,
e˜(M1, Cp2 × Cp, p2) = 1,
and e˜(Cp2 , Cp2 × Cp, p2) = 0.
For p = 2 we have
e(Cp2 × Cp, Cp2 × Cp, p2) = p2 + 1,
e(D8, Cp2 × Cp, p2) = (p+ 1)p,
e(C3p , Cp2 × Cp, p2) = (p3 − 1)(p+ 1),
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and e(G,Cp2 × Cp, p2) = 0 otherwise. Furthermore, we have
e˜(Cp2 × Cp, Cp2 × Cp, p2) = 3,
e˜(D8, Cp2 × Cp, p2) = 2,
e˜(C3p , Cp2 × Cp, p2) = 1,
and e˜(G,Cp2 × Cp, p2) = 0 otherwise.
Proof. Follows from Lemma 5.3.5.
Lemma 5.3.7. For p = 3 and |Θ(G)| = p3 there are no regular subgroups contained
in Hol(Cp2 × Cp).
For p = 2 and |Θ(G)| = p3 there are exactly p2 regular subgroups isomorphic to
D8 contained in Hol(Cp2 × Cp). These regular subgroups correspond to one brace.
Proof. If G ⊆ Hol(Cp2 × Cp) with |Θ(G)| = p3, then we must have Θ(G) =
〈α1, α2, α3〉, and so
G = 〈uα1, vα2, wα3〉
where for p = 3 for G to have size p3 we require pu1 = pv1 = pw1 ≡ 0 mod p, but in
such case G cannot be regular.
For p = 2, note that we have
(uα1)
p = 1, (vα2)
p = v1pe1 + v1e2, (wα3)
p = w1pe1 + w2pe1,
which implies that we need
v1 ≡ 0 mod p,
w1 ≡ w2 mod p.
Note, G maps isomorphically onto Θ(G), and we have
(uα1) (vα2) = (u+ v)α1α2 and
(vα2) (uα1) = (u+ v + u1e2)α1α2,
so we need u1 ≡ 0 mod p, thus u1 = ape1 +u2e2 for some a = 0, 1. This implies that
for G to be regular we need w1 ≡ 1 mod p, so w = e1 + bpe1 + e2 for some b = 0, 1.
We also have
(uα1) (wα3) = (u+ w + pe1)α1α3 and
(wα3) (uα1) = (u+ w + u2pe1)α1α3,
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so we need u2 ≡ 1 mod p. Finally, we have
(wα3) (vα2) = (w + v + v2pe1)α3α2 and
(uα1) (vα2) (wα3) = (w + v + ape1 + pe1)α1α2α3,
so we need v2 ≡ a+ 1 mod p. Thus, we see that we must have
u = ape1 + e2, v = cpe1 + (a+ 1)e2, w = e1 + bpe1 + e2 for a, b, c = 0, 1.
We further need
u+ v = (a+ c) pe1 + ae2 6= 0,
v = cpe1 + (a+ 1)e2 6= 0,
so c = 1.
Therefore, we only have regular subgroups, isomorphic to D8, given by
〈(ape1 + e2)α1, (pe1 + (a+ 1) e2)α2, (e1 + bpe1 + e2)α3〉 for a, b = 0, 1,
The corresponding brace is 〈e2α1, (pe1 + e2)α2, (e1 + e2)α3, 〉 ∼= D8.
Corollary 5.3.8. For p = 3 we have e(G,Cp2 × Cp, p3) = 0. Furthermore, we have
e˜(G,Cp2 × Cp, p3) = 0 for any group G.
For p = 2 we have
e(D8, Cp2 × Cp, p3) = p2
and e(G,Cp2 × Cp, p3) = 0 otherwise. Furthermore, we have
e˜(D8, Cp2 × Cp, p3) = 1
and e˜(G,Cp2 × Cp, p3) = 0 otherwise.
Proof. Follows from Lemma 5.3.7.
5.4 Regular subgroups in Hol(C2p) and special cases
for Hol(C3p)
In this section we find the regular subgroup contained in Hol(C2p) for all prime p and
regular subgroups contained in Hol(C3p) for p = 2, 3. We also find the corresponding
braces. We note that the results for Hol(C2p) were originally found in [Byo96], we
reproduce them here again for completeness. The main results of this section are
the following.
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Proposition 5.4.1. For p > 2 we have
e(C2p , C
2
p) = p
2
and e(Cp2 , C
2
p) = 0. Furthermore, we have
e˜(C2p , C
2
p) = 2
and e˜(Cp2 , C
2
p) = 0.
For p = 2 we have
e(C2p , C
2
p) = 1,
e(Cp2 , C
2
p) = 1.
Furthermore, we have
e˜(C2p , C
2
p) = 1,
e˜(Cp2 , C
2
p) = 1.
Proposition 5.4.2. For p = 3 we have
e(C3p , C
3
p) = 339,
e(M1, C
3
p) = 51,
e(Cp2 × Cp, C3p) = 6,
e(M2, C
3
p) = 6,
and e(Cp3 , C
3
p) = 0. Furthermore, we have
e˜(C3p , C
3
p) = 4,
e˜(M1, C
3
p) = 5,
e˜(Cp2 × Cp, C3p) = 1,
e˜(M2, C
3
p) = 2,
and e˜(Cp3 , C
3
p) = 0.
For p = 2 we have
e(C3p , C
3
p) = 8,
e(D8, C
3
p) = 6,
e(Cp2 × Cp, C3p) = 4,
e(Q8, C
3
p) = 2,
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and e(Cp3 , C
3
p) = 0. Furthermore, we have
e˜(C3p , C
3
p) = 2,
e˜(D8, C
3
p) = 2,
e˜(Cp2 × Cp, C3p) = 3,
e˜(Q8, C
3
p) = 1,
and e˜(Cp3 , C
3
p) = 0.
Note, the findings in Proposition 5.4.2 are different to the case where p > 3 in
that for the later case we only find C3p or M1 Hopf-Galois structures (or skew braces)
of type C3p , but when p = 2 or 3 we find the numbers for C
3
p or M1 Hopf-Galois
structures (or skew braces) of type C3p splits to give others; for example, when p = 3
we have Cp2 ×Cp or M2 Hopf-Galois structures (or skew braces) of type C3p as well.
The proof of propositions above follows from calculations in the rest of this section.
First we find the regular subgroups contained in Hol(C2p). Note, we define
C2p
def
= 〈σ, τ | σp = τ p = 1, στ = τσ〉 .
To make the notations easier, we shall often use the identification C2p
∼= F2p by
σ 7−→ e1 def=
(
1
0
)
, τ 7−→ e2 def=
(
0
1
)
.
Therefore, the holomorph of C2p can be identified with the affine transformations of
F2p i.e.,
Hol(C2p)
∼= {tA : t ∈ F2p, A ∈ GL2(Fp)} .
Now the image of a subgroup of Hol(C2p) of order p
2 in Aut(C2p) under the natural
projection
Θ : Hol(C2p) −→ Aut(C2p)
must lie in SL2(Fp); thus any subgroup of Hol(C2p) of order p2 lies in
C2p o SL2(Fp).
If G is a subgroup of order p2 in Hol(C2p), then we can have |Θ(G)| = 1, p or p2.
In particular, Θ(G) lies in one of the p+ 1 Sylow p-subgroup of SL2(Fp). These are
all conjugate in SL2(Fp) to
B(C2p)
def
= 〈A1〉 ∼= Cp
where A1
def
= ( 1 10 1 ), so in fact we can only have |Θ(G)| = 1 or p.
Before we begin, it is worth noting that if A ∈ SL2(Fp) is an element of order p,
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then since as mentioned above A is conjugate to B = ( 1 b0 1 ) for some b, we find
I +B + · · ·+Bp−1 =
(
1 0
0 1
)
+
(
1 b
0 1
)
+ · · ·+
(
1 (p− 1)b
0 1
)
=
(
0 1
2
p(p− 1)b
0 0
)
;
thus we have
I +B + · · ·+Bp−1 =
{
0, if p > 2
I +B, if p = 2.
Therefore, for all v ∈ F2p, we have
[v, A]p =
{
1, if p > 2
[(I + A) (v), I] , if p = 2.
(5.5)
We have
e(C2p , C
2
p , 1) = e˜(C
2
p , C
2
p , 1) = 1 and
e(Cp2 , C
2
p , 1) = e˜(Cp2 , C
2
p , 1) = 0.
We shall deal with the cases |Θ(G)| = p in the following lemma.
Lemma 5.4.3. For p > 2 and |Θ(G)| = p there are exactly p2− 1 regular subgroups
isomorphic to C2p contained in Hol(C
2
p). Furthermore, there is one C
2
p -brace of C
2
p
type.
For p = 2 there are exactly p2− 1 regular subgroups isomorphic to Cp2 contained
in Hol(C2p). Furthermore, there is one Cp2-brace of C
2
p type.
Proof. If G ⊆ Hol(C2p) with |Θ(G)| = p, then we must have Θ(G) ⊆ SL2(Fp) a
subgroup of order p and G ∩ C2p a subgroup of order p. Therefore, we must have
G = 〈u, vA〉
for some A ∈ SL2(Fp) which has order p, and v ∈ F2p such that
U
def
= 〈u〉 ∼= F1p ⊆ F2p and A · U ⊆ U.
Now there are p + 1 distinct subgroups of order p in F2p. We shall find the number
of regular subgroups which contain 〈e1〉 and then multiply this by the number of
distinct subgroups of order p in F2p which is p+ 1.
Therefore, we consider subgroups of the form
G = 〈e1, v2e2A1〉
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where for G to be regular we need v2 6= 0. Note
(v2e2A3) e1 = (e1 + v2e2)A3,
so G is either isomorphic to Cp2 or C
2
p . Now if p > 2, then (vA3)
p = 1, so we have
regular subgroups
〈e1, v2e2A3〉 ∼= Cp × Cp for v2 = 1, ..., p− 1
and taking into account the p+ 1 conjugates there are p2−1 of these. If p = 2, then
(e2A3)
p = (A3 − I) · e2 = e1, so we have a regular subgroup
〈e1, e2A3〉 = 〈e2A3〉 ∼= Cp2 .
and there are p+ 1 of these.
To find the corresponding braces note that conjugating the subgroup 〈e1, e2A3〉
with the automorphism
(
v2 0
0 v2
)
we get 〈e1, v2e2A3〉.
Therefore for p > 2 we have one C2p -brace of C
2
p type, and for p = 2 we have one
Cp2-brace of C
2
p type.
Corollary 5.4.4. For p > 2 we have
e(C2p , C
2
p , p) = p
2 − 1,
and e(Cp2 , C
2
p , p) = 0. Furthermore, we have
e˜(C2p , C
2
p , p) = 1,
and e˜(Cp2 , C
2
p , p) = 0.
For p = 2 we have
e(Cp2 , C
2
p , p) = 1,
and e(C2p , C
2
p , p) = 0. Furthermore, we have
e˜(Cp2 , C
2
p , p) = 1,
and e˜(C2p , C
2
p , p) = 0.
Proof. Follows from Lemma 5.4.3.
Next, we find the regular subgroups contained in Hol(C3p) for p = 2, 3. We shall
use the notation of Section 4.3. Recall, for any subgroup G ⊆ Hol(C3p) of order
p3, we have that Θ(G) lies in a conjugate, by an element of SL3(Fp), of the Sylow
p-subgroup of SL3(Fp)
B(C3p)
def
= 〈A1, A2, A3〉 ∼= M1.
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Before we begin, note that if A ∈ SL3(Fp) is an element of order p, then, as
before, A is conjugate to an element of the form
B =
b1 b2 b3b4 b5 b6
0 0 b7
 ∈ SL3(Fp).
Let B1 =
(
b1 b2
b4 b5
)
and y =
(
b3
b6
)
. Then we can write B =
(
B1 y
0 b7
)
, and for r ≥ 1 we
have
Br =
(
Br1 (B
r−1
1 +B
r−2
1 b7 + · · ·+ br−17 )(y)
0 br7
)
,
so if B has order p i.e., Bp = I and B 6= I, then bp7 = b7 = 1 and Bp1 = I, furthermore
if p = 2, we need (B1 − I) (y) = 0.
Now, when B has order p, we have
[v,B]p =
[(
I +B + · · ·+Bp−1) (v), I]
and
I +B + · · ·+Bp−1 =
(∑p−1
j=0 B
j
1 (
∑p−1
j=1 jB
p−1−j
1 )(y)
0 0
)
.
Since Bp1 = I, we have that B1 is conjugate to a matrix of the form (
1 b
0 1 ), so∑p−1
j=0 B
j
1 = 0 if p > 2, and
∑p−1
j=0 B
j
1 = I +B1 if p = 2, also
p−1∑
j=1
jBp−1−j1 =
{
B1 − I, if p = 3
B1, if p = 2.
This implies that
I +B + · · ·+Bp−1 =

(
0 (B1 − I) (y)
0 0
)
, if p = 3(
I +B1 y
0 0
)
, if p = 2,
and so it follows that
[v,B]p =
{
[v3 (B1 − I) (y), I] , if p = 3
[v,B]p = [(I +B1) (v1e1 + v2e2) + v3y, I] , if p = 2,
(5.6)
where y = b3e1 + b6e2 for all v = v1e1 + v2e2 + v3e3 ∈ F3p.
We have
e(C3p , C
3
p , 1) = e˜(C
3
p , C
3
p , 1) = 1,
e(G,C3p , 1) = e˜(G,C
3
p , 1) = 0 if G 6= C3p .
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We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
Lemma 5.4.5. For p = 3 and |Θ(G)| = p there are exactly
(p3 − 1)(p+ 1)
regular subgroups isomorphic to C3p ,
(p3 − 1)(p+ 1)p
isomorphic to M1, and
(p3 − 1)(p2 − 1)p
isomorphic to M2 contained in Hol(C
3
p). Furthermore, there is one C
3
p , one M1, and
one M2-brace of C
3
p type.
For p = 2 and |Θ(G)| = p there are exactly
(p3 − 1)(p+ 1)
regular subgroups isomorphic to Cp2 × Cp and
(p3 − 1)(p+ 1)p
isomorphic to D8 contained in Hol(C
3
p). Furthermore, there is one Cp2×Cp and one
D8-brace of C
3
p type.
Proof. Similar to Lemma 4.3.2, we shall find the number of regular subgroups which
contain 〈e1, e2〉 and then multiply this by the number of distinct subgroups of order
p2 in F3p.
Thus let U
def
= 〈e1, e2〉 ⊆ F3p. Then the set of matrices of the form
B =
b1 b2 b3b4 b5 b6
0 0 b7
 ∈ SL3(Fp)
is the largest subgroup of SL3(Fp) whose elements fix U , and we let
SL3(Fp)U
def
= {B ∈ SL3(Fp) : B · U ⊆ U} .
We need to find distinct subgroups of order p in SL3(Fp)U , so we can pair them with
U to have a chance of obtaining a subgroup of order p3. For any B ∈ SL3(Fp)U as
given above which has order p, let B1 =
(
b1 b2
b4 b5
)
and y =
(
b3
b6
)
. Then we can write
B =
(
B1 y
0 1
)
where Bp1 = I, with (B1 − I) · y = 0 for p = 2. Note in such case we
have already calculated the values of (vB)p in (5.6). Now consider two cases when
B1 = I and B1 6= I.
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If B1 = I, then we consider subgroups of the form
G = 〈e1, e2, e3B〉 .
For p = 3, we have that G is regular and isomorphic to C3p , and for p = 2, we have
that G is regular and isomorphic to Cp2 ×Cp; in either case there are p2− 1 choices
for y.
Therefore, we have p2 − 1 regular subgroups of the form
〈e1, e2, e3B〉 ∼= C3p
similarly, for p = 2 we have p2 − 1 distinct regular subgroups of the form
〈e1, e2, e3B〉 ∼= Cp2 × Cp.
The above correspond to the brace〈
e1, e2, e3
(
1 0 0
0 1 1
0 0 1
)〉
.
If B1 6= I, then B1 is conjugate to B2 = ( 1 b0 1 ), by some element of SL2(Fp), with
b 6= 0, but for p = 2 we also need (B1 − I) · y = 0.
Suppose
B =
1 1 b30 1 b6
0 0 1
 ∈ SL3(Fp),
where for p = 2 we set b6 = 0. We can consider the subgroups
G = 〈e1, e2, v3e3B〉 for v3 6= 0.
Now we have
e1 + e2 = e2 + e1, (vB) (e1) = (e1) (vB) , and (vB) e2 = (e2 + e1) (vB) ,
and we have
(vB)p =
{
v3 (B1 − I) · y = v3b6e1, if p = 3
v3b3e1, if p = 2,
also if we replace ( 1 b0 1 ) by one of its conjugates, by say A0 ∈ SL2(Fp), then we can
replace e1 by
(
A0 0
0 1
) ·e1 and e2 by ( A0 00 1 ) ·e2 and we still have the above relationship,
where for p = 2 we need to replace y with A0 · y too.
For p = 3 we have to consider the cases when b6 = 0 and b6 6= 0. If b6 = 0, we
have regular subgroups
〈e1, e2, v3e3B〉 ∼= M1,
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and there are (p2 − 1)p of them; if b6 6= 0, we have regular subgroups
〈e1, e2, v3e3B〉 ∼= M2,
and there are (p2 − 1)(p− 1)p of them.
The above correspond to the non-isomorphic braces〈
e1, e2, e3
(
1 1 0
0 1 0
0 0 1
)〉 ∼= M1, 〈e1, e2, e3( 1 1 00 1 1
0 0 1
)〉 ∼= M2.
For p = 2 we need b6 = 0 and we get subgroup isomorphic to D8 when b3 = 0, 1,
and so there are (p+ 1)p of these, which correspond to the brace〈
e1, e2, e3
(
1 1 0
0 1 0
0 0 1
)〉 ∼= D8.
Now we shall multiply the numbers above by the number of distinct subgroups
of order p2 in F3p. Note, as already mentioned, there are
(p3 − 1)(p3 − p)
(p2 − 1)(p2 − p) =
p3 − 1
p− 1
distinct subgroups of order p2 in F3p.
Therefore, for p = 3, there are
p3 − 1
p− 1 × (p
2 − 1) = (p3 − 1)(p+ 1),
regular subgroups isomorphic to C3p ,
p3 − 1
p− 1 × (p
2 − 1)p = (p3 − 1)(p+ 1)p
regular subgroups isomorphic to M1, and
p3 − 1
p− 1 × (p
2 − 1)(p− 1)p = (p3 − 1)(p2 − 1)p
regular subgroups isomorphic to M2 contained in Hol(C
3
p) with |Θ(G)| = p.
The corresponding non-isomorphic braces for p = 3 are
〈e1, e2, e3A2〉 ∼= C3p , 〈e1, e2, e3A3〉 ∼= M1, 〈e1, e2, e3A2A3〉 ∼= M2.
For p = 2, there are
p3 − 1
p− 1 × (p
2 − 1) = (p3 − 1)(p+ 1)
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regular subgroups isomorphic to Cp2 × Cp and
p3 − 1
p− 1 × (p+ 1)p = (p
3 − 1)(p+ 1)p
regular subgroups isomorphic to D8 contained in Hol(C
3
p) with |Θ(G)| = p.
The corresponding non-isomorphic braces for p = 2 are
〈e1, e2, e3A2〉 ∼= Cp2 × Cp, 〈e1, e2, e3A3〉 ∼= D8.
Corollary 5.4.6. For p = 3 we have
e(C3p , C
3
p , p) = (p
3 − 1)(p+ 1),
e(M1, C
3
p , p) = (p+ 1)p,
e(M2, C
3
p , p) = p,
and e(G,C3p , p) = 0 otherwise. Furthermore, we have
e˜(C3p , C
3
p , p) = 1,
e˜(M1, C
3
p , p) = 1,
e˜(M2, C
3
p , p) = 1,
and e˜(G,C3p , p) = 0 otherwise.
For p = 2 we have
e(Cp2 × Cp, C3p , p) = 1,
e(D8, C
3
p , p) = p,
and e(G,C3p , p) = 0 otherwise. Furthermore, we have
e˜(Cp2 × Cp, C3p , p) = 1,
e˜(D8, C
3
p , p) = 1,
and e˜(G,C3p , p) = 0 otherwise.
Proof. Follows from Lemma 5.4.5.
Lemma 5.4.7. For p = 3 and |Θ(G)| = p2 there are exactly (p3 − 1)p2 regular
subgroups isomorphic to C3p ,
(p3 − 1)(p2 + p+ 1)p
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isomorphic to M1,
(p3 − 1)(p2 − 1)p
isomorphic to Cp2 × Cp, and
(p3 − 1)(p2 − 1)p
isomorphic to M2 contained in Hol(C
3
p). Furthermore, there are two C
3
p , four M1,
one Cp2 × Cp, and one M2-braces of C3p type.
For p = 2 and |Θ(G)| = p2 there are exactly p3− 1 regular subgroups isomorphic
to C3p ,
(p3 − 1)(p+ 1)2
isomorphic to Cp2 × Cp, and (p3 − 1)p isomorphic to Q8 contained in Hol(C3p).
Furthermore, there is one C3p , two Cp2 × Cp, and one Q8-braces of C3p type.
Proof. Without loss of generality we may consider the regular subgroups which
contain 〈e1〉. The set of matrices of the form
B =
b1 b2 b30 b4 b5
0 b6 b7
 ∈ SL3(Fp)
is the largest subgroup of SL3(Fp) whose elements fix 〈e1〉, and we let
SL3(Fp)U
def
= {B ∈ SL3(Fp) : B · U ⊆ U} .
As before we have B(C3p) ⊆ SL3(Fp)U which is a Sylow p-subgroup.
We shall deal with the case for p = 3 first. In this case the group B(C3p) contains
p+ 1 distinct subgroups of order p2 which are of the form
〈A1, A3〉 ,
〈
A1, A2A
d
3
〉
for d = 0, .., p− 1.
Calculation of Lemma 4.3.4 showed that 〈A1, A3〉 has conjugacy class of size one,
〈A1, A2〉 has conjugacy class of size p+ 1, and 〈A1, A2A3〉 has conjugacy class of size
p2− 1; the union of these classes is the set of all subgroups of order p2 in SL3(Fp)U .
Note, when p = 3, for positive integers a1, a2, a3 and v ∈ F3p we have
(vAa11 A
a2
2 A
a3
3 )
p = v3a2a3e1.
Let us consider a subgroup of the form
G = 〈e1, uA1, vA2〉
and we may assume u1 = v1 = 0. Note, we have (uA1)
p = (vA2)
p = 1. Now we are
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back to the situation of Lemma 4.3.4, which gives regular subgroups
〈e1, u2e2A1, vA2〉 ∼= M1 for u2, v3 = 1, ..., p− 1, v2 = 0, ..., p− 1.
Recall we had |Orb(〈A1, A2〉)| = p+ 1.
Therefore, we have
(p+ 1)(p− 1)2p
subgroups of the form
〈
e1, uA, vA˜
〉 ∼= M1, where A, and A˜ are conjugates of A1 and
A2 in SL3(Fp)U . The corresponding brace is 〈e1, e2A1, e3A2〉.
Next, we consider subgroups of the form
G = 〈e1, uA1, vA3〉
for some vectors u, v ∈ F3p where we can assume u1 = v1 = 0. Again we find
(uA1)
p = (vA3)
p = 1, which is similar to Lemma 4.3.4.
Therefore, we have
(p− 1)p2
regular subgroups of the form
〈e1, uA1, vA3〉 ∼= C3p with v3 = u2
and
(p2 − p− 1)(p− 1)p
regular subgroups of the form
〈e1, uA1, vA3〉 ∼= M1 with v3 6= u2.
The above correspond to non-isomorphic braces
〈e1, u3e3A1, e2A3〉 ∼= C3p , 〈e1, (e2 + u3e3)A1, e2A3〉 , 〈e1, e2A1,−e3A3〉 ∼= M1
where u3 ∈ F×p .
Finally, we consider subgroups of the from
G =
〈
e1, uA1, vA2A
d
3
〉
for a fixed d = 1, ..., p − 1. Then we have (uA1)p = 1 and
(
vA2A
d
3
)p
= v3de1, we
further have
(uA1) e1 = e1 (uA1) ,
(
vA2A
d
3
)
e1 = e1
(
vA2A
d
3
)
.
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We also calculate
(uA1)
(
vA2A
d
3
)
= (u+ v + v3e1)A1A2A
d
3 and(
vA2A
d
3
)
(uA1) = (u+ v + du2e1 + u3e2)A1A2A
d
3.
For G to have order p3 we need to set u3 = 0. Then for G to be regular we need
u2, v3 6= 0, also G is abelian when du2 = v3 and isomorphic to M2 when du2 6= v3,
so we find regular subgroups
〈
e1, v3d
−1e2A1, vA2Ad3
〉 ∼= Cp2 × Cp for v3 = 1, ..., p− 1, v2 = 0, ..., p− 1,
there are (p− 1)p of them, and
G =
〈
e1, u2e2A1, vA2A
d
3
〉 ∼= M2
for u2, v3 = 1, ..., p− 1, v2 = 0, ..., p− 1 with du2 6= v3,
there are
(p− 1)2p− (p− 1)p = (p− 1)(p− 2)p
of them, as we have p2−1 conjugates for subgroups of the from 〈A1, A2Ad3〉, we have
exactly
(p2 − 1)(p− 1)p
regular subgroups of the form
〈
e1, uA, vA˜
′A˜d
〉 ∼= Cp2 × Cp, and we have exactly
(p2 − 1)(p− 1)(p− 2)p
regular subgroups of the form
〈
e1, uA, vA˜
′A˜d
〉 ∼= M2, where A, A˜, and A˜′ are
conjugates of A1, A2, and A3 in SL3(Fp)U .
The corresponding non-isomorphic braces are
〈e1, e2A1, e3A2A3〉 ∼= Cp2 × Cp,
〈e1, e2A1, be3A2A3〉 ∼= M2 where b = v3u−12 6= 1.
Therefore, multiplying by the number of subgroups of order p in F3p, we find
p3 − 1
p− 1 × (p− 1)p
2 = (p3 − 1)p2
regular subgroups isomorphic to C3p ,
p3 − 1
p− 1 × ((p
2 − p− 1)(p− 1)p+ (p− 1)2(p+ 1)p) = (p3 − 1)(p2 + p+ 1)p
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isomorphic to M1,
p3 − 1
p− 1 × (p
2 − 1)(p− 1)p = (p3 − 1)(p2 − 1)p
isomorphic to Cp2 × Cp, and
p3 − 1
p− 1 × (p
2 − 1)(p− 1)(p− 2)p = (p3 − 1)(p2 − 1)(p− 2)p
isomorphic to M2 contained in Hol(C
3
p) with |Θ(G)| = p2.
The corresponding non-isomorphic braces for p = 3 are
〈e1, u3e3A1, e2A3〉 ∼= C3p , 〈e1, (e2 + u3e3)A1, e2A3〉 , 〈e1, e2A1,−e3A3〉 ,
〈e1, e2A1, e3A2〉 ∼= M1, 〈e1, e2A1, e3A2A3〉 ∼= Cp2 × Cp, 〈e1, e2A1,−e3A2A3〉 ∼= M2
for u3 ∈ F×p .
For p = 2 the group B(C3p) also has p + 1 distinct subgroups of order p
2, which
are of the form
〈A1, A2〉 , 〈A1, A3〉 , 〈A2A3〉 .
Calculation similar to Lemma 4.3.4 shows that 〈A1, A3〉 has conjugacy class of size
one, 〈A1, A2〉 has conjugacy class of size p+1, and 〈A2A3〉 has conjugacy class of size
p2− 1; the union of these classes is the set of all subgroups of order p2 in SL3(Fp)U .
Note for positive integers a1, a2, a3 and u ∈ F3p we have
(uAa11 A
a2
2 A
a3
3 )
p = ((I + Aa11 A
a2
2 A
a3
3 ) · u) (Aa11 Aa22 Aa33 )p
= ((a3u2 + a1u3) e1 + a2u3e2)A
a1a2
1 .
Let us consider a subgroup of the form
G = 〈e1, uA1, vA2〉
for some vectors u, v ∈ F3p where we can assume u1 = v1 = 0. Note since (vA2)p =
v3e2, for G to have order p
3, we need to set v3 = 0. Now, we have
(uA1) (vA2) = (u+ v)A1A2 and
(vA2) (uA1) = (v + u+ u3e2)A1A2,
so for G to have order p3 we must set u3 = 0, but in such case G can never be
regular.
Next, we consider subgroups of the form
G = 〈e1, uA1, vA3〉
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for some vectors u, v ∈ F3p where we can assume u1 = v1 = 0. Calculation above
shows that (uA1)
p = u3e1 and (vA3)
p = v2e1. We have
(uA1) (vA3) = (u+ v + v3e1)A1A3 and
(vA3) (uA1) = (v + u+ u2e1)A1A3,
thus G is abelian if and only if u2 = v3.
Therefore, for u2 = v3 we have regular subgroups
〈e1, e3A1, e2A3〉 , 〈e1, (e3 + e2)A1, e3A3〉 , 〈e1, e3A1, (e3 + e2)A3〉 ∼= Cp2 × Cp,
〈e1, e2A1, e3A3〉 ∼= C3p ,
and for u2 6= v3 we have nonabelian regular subgroups
〈e1, (e2 + e3)A1, e2A3〉 , 〈e1, e3A1, (e2 + e3)A3〉 ∼= Q8.
Finally, we consider
G = 〈e1, uA1, vA2A3〉
for some vectors u, v ∈ F3p, where we can assume u1 = v1 = 0. Note,
(vA2A3)
p = (v2e1 + v3e2)A1
so for G to be regular we need v3 6= 0. Now we have
(uA1) (vA2A3) = (u+ v + v3e1)A1A2A3 and
(vA2A3) (uA1) = (v + u+ u2e1 + u3e2)A1A2A3,
so for G to have size p3 we need to set u3 = 0, and so we need u2 = 1 for G to be
regular.
Therefore, we find a regular subgroups
〈e1, e2A1, e3A2A3〉 , 〈e1, e2A1, (e2 + e3)A2A3〉 ∼= Cp2 × Cp.
Therefore, we find
p3 − 1
p− 1
regular subgroups isomorphic to C3p ,
p3 − 1
p− 1 × (p+ 1 + (p
2 − 1)p) = (p3 − 1)(p+ 1)2
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isomorphic to Cp2 × Cp, and
p3 − 1
p− 1 × p
isomorphic to Q8 contained in Hol(C
3
p) with |Θ(G)| = p2.
The corresponding non-isomorphic braces for p = 2 are
〈e1, e3A1, e2A3〉 , 〈e1, e2A1, e3A2A3〉 ∼= Cp2 × Cp, 〈e1, e2A1, e3A3〉 ∼= C3p ,
〈e1, (e2 + e3)A1, e2A3〉 ∼= Q8.
Corollary 5.4.8. For p = 3 we have
e(C3p , C
3
p , p
2) = (p3 − 1)p2,
e(M1, C
3
p , p
2) = (p2 + p+ 1)p,
e(Cp2 × Cp, C3p , p2) = (p− 1)p,
e(M2, C
3
p , p
2) = p,
and e(Cp3 , C
3
p , p
2) = 0. Furthermore, we have
e˜(C3p , C
3
p , p
2) = 2,
e˜(M1, C
3
p , p
2) = 4,
e˜(Cp2 × Cp, C3p , p2) = 1,
e˜(M2, C
3
p , p
2) = 1,
and e˜(Cp3 , C
3
p , p
2) = 0.
For p = 2 we have
e(C3p , C
3
p , p
2) = p3 − 1,
e(Cp2 × Cp, C3p , p2) = (p+ 1),
e(Q8, C
3
p , p
2) = p,
and e(G,C3p , p
2) = 0 otherwise. Furthermore, we have
e˜(C3p , C
3
p , p
2) = 1,
e˜(Cp2 × Cp, C3p , p2) = 2,
e˜(Q8, C
3
p , p
2) = 1,
and e˜(G,C3p , p
2) = 0 otherwise.
Proof. Follows from Lemma 5.4.7.
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Lemma 5.4.9. For p = 3 and |Θ(G)| = p3 there are no regular subgroups contained
in Hol(C3p).
For p = 2 and |Θ(G)| = p3 there are exactly
(p3 − 1)(p+ 1)p2
regular subgroups isomorphic to D8 contained in Hol(C
3
p). The above corresponds to
one brace.
Proof. The result for p = 3 and |Θ(G)| = p3 follows from Lemma 4.3.6.
For p = 2 and |Θ(G)| = p3, we must have that Θ(G) is conjugate to
B(C3p)
def
= 〈A1, A2, A3〉 ∼= M1 ∼= D8
by an element of SL3(Fp) and G is isomorphic to Θ(G), so we can assume, without
loss of generality, that
G = 〈uA1, vA2, wA3〉
for some vectors
u = u1e1 + u2e2 + u3e3, v = v1e1 + v2e2 + v3e3, w = w1e1 + w2e2 + w3e3.
Now
(uA1)
p = u3e1, (vA2)
p = v3e2, (wA3)
p = w2e1,
so for G to have order p3 we need to set
u3 = v3 = w2 = 0.
Note,
(uA1) (vA2) = (u+ v + v3e1)A1A2 and
(vA2) (uA1) = (u+ v + u3e2)A2A1,
so uA1 and vA2 commute since u3 = v3 = w2 = 0 and for G to be regular we need
u+ v 6= 0. We have
(uA1) (wA3) = (u+ w + w3e1)A1A3 and
(wA3) (uA1) = (u+ w + u2e1)A1A2,
so vA1 and wA2 commute if and only if w3 = u2, again for G to be regular we need
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u+ w 6= 0, and we finally have
(wA3) (vA2) = (w + v + v2e1)A3A2 and
(uA1) (vA2) (wA3) = (w + v + u+ w3e1 + w3e2)A1A2A3,
so (uA1) (vA2) (wA3) = (wA3) (vA2) if and only if
u = (v2 − w3) e1 − w3e2,
which implies that u2 = −w3 = w3 and u1 = v2 − w3.
Therefore, gathering all the conditions together, for G to be isomorphic to M1,
we need
u2 = w3, u3 = v3 = w2 = 0, u1 = v2 − w3;
so we must have
u = (v2 − w3) e1 + w3e2, v = v1e1 + v2e2, w = w1e1 + w3e3.
Now for G to act transitively we need w3 = 1, so we have
u = (v2 − 1) e1 + e2, v = v1e1 + v2e2, w = w1e1 + e3,
and for G to act freely, we need to have
u+ v = (v1 + v2 + 1) e1 + (v2 + 1) e2 6= 0,
so we need v1 = 1.
Therefore, we have
u = (v2 − 1) e1 + e2, v = e1 + v2e2, w = w1e1 + e3.
This gives us p2 subgroups of the form 〈uA1, vA2, wA3〉 ∼= D8. Note, the set of upper
triangular matrices is the normaliser of the set of upper triangular matrices with 1
on the diagonals, so SL3(Fp) contains
(p3 − 1)(p3 − p)p2
(p− 1)2p3 =
(p3 − 1)(p+ 1)
(p− 1)
Sylow p-subgroups, and thus we have
(p3 − 1)(p+ 1)p2
regular subgroups isomorphic to D8 contained in Hol(C
3
p) with |Θ(G)| = p3.
To find the non-isomorphic braces corresponding to the above regular subgroups,
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note that for
B =
1 b2 b30 1 b5
0 0 1
 ∈ GL3(Fp),
we have
BA1B
−1 = A1, BA2B−1 = A
b2
1 A2, BA3B
−1 = Ab51 A3;
thus we find
B (uA1)B
−1 = ((v2 − 1 + b2) e1 + e2)A1,
B (uA1)
b2 (vA2)B
−1 = (e1 + (b2 + v2) e2)A2,
B (uA1)
b5 (wA3)B
−1 = ((b5 (v2 − 1) + w1 + b2b5 + b3 + b5) e1 + e3)A3.
Now, conjugating the regular subgroup 〈uA1, vA2, wA3〉 as given above with B for
b2 = v2 − 1, b3 = w1, and b5 = 0, we get
〈e2A1, (e1 + e2)A2, e3A3, 〉 ∼= D8.
Corollary 5.4.10. For p = 3 we have e(G,C3p , p
3) = 0 also e˜(G,C3p , p
3) = 0 for any
group G.
For p = 2 we have
e(D8, C
3
p , p
3) = p2
and e(G,C3p , p
3) = 0 if G 6= D8. Furthermore, we have
e˜(D8, C
3
p , p
3) = 1
and e˜(G,C3p , p
3) = 0 if G 6= D8.
Proof. Follows from Lemma 5.4.9.
5.5 Regular subgroups contained in Hol(M1) for
p = 3
In this section we find the regular subgroups contained in Hol(M1) for p = 3 and
the corresponding skew braces. The main results of this section is the following.
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Proposition 5.5.1. For p = 3 we have
e(M1,M1) = 317,
e(C3p ,M1) = 1300,
e(M2,M1) = 12,
e(Cp2 × Cp,M1) = 12,
and e(Cp3 ,M1) = 0.
Furthermore, we have
e˜(M1,M1) = 14,
e˜(C3p ,M1) = 5,
e˜(M2,M1) = 4
e˜(Cp2 × Cp,M1) = 2,
and e˜(Cp3 ,M1) = 0.
The proof of proposition above follows from calculation in the rest of this section.
We shall use the notation of Section 4.4. Recall a subgroup of Hol(M1) of order p
3
lies in one of p+ 1 conjugates of
M1 o 〈α1, α2, α3〉 ∼= M1 oM1.
We have
e(M1,M1, 1) = e˜(M1,M1, 1) = 1 and
e(G,M1, 1) = e˜(G,M1, 1) = 0 if G 6= M1.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas. First, we
note for natural numbers r, ai and an element v = ρ
v1σv2τ v3 ∈M2, we have
(vαa11 α
a2
2 α
a3
3 )
p = ρ(a3+v2)a2v2 , (5.7)
so the element vαa11 α
a3
2 α
a2
3 can have order p or p
2 depending on various configura-
tions, and this is the main difference in comparison to Section 4.4 where the element
vαa11 α
a3
2 α
a2
3 could only have order p.
Lemma 5.5.2. For p = 3 and |Θ(G)| = p there are exactly
p4 − p3 − p2 − p+ 1
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regular subgroups isomorphic to M1,
p2 + p− 1
isomorphic to C3p , (p−1)3p isomorphic to M2, and (p−1)3p isomorphic to Cp2×Cp
contained in Hol(M1).
Furthermore, there are three M1, one C
3
p , one M2, and one Cp2×Cp-skew braces
of M1 type.
Proof. Most procedures are similar to Lemma 4.4.2, so in some places we avoid
unnecessary repetitions. If G ⊆ Hol(M1) with |Θ(G)| = p, then we can assume
Θ(G) is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
and G ∩M1 is one of
〈ρ, τ〉 , 〈ρ, στ d〉 for d = 0, ..., p− 1.
We shall consider all subgroups of order p2 in M1 and all ways of pairing them with a
subgroup of order p of 〈α1, α2, α3〉 and then multiply our findings by p+ 1 whenever
a pairing involves α2.
We start with the subgroup 〈ρ, τ〉 of M1. Hence, we must have
G = 〈ρ, τ, g〉 where g def= σαa11 αa22 αa33 .
Now
gp = (σαa11 α
a2
2 α
a3
3 )
p = ρ(a3+1)a2 .
Further, for r 6= 0 we have
(σαa11 α
a2
2 α
a3
3 ) τ
r = ρa3rστ rαa11 α
a2
2 α
a3
3 ,
τ r (σαa11 α
a2
2 α
a3
3 ) = ρ
rστ rαa11 α
a2
2 α
a3
3 .
Now if a2 = 0, then we find regular subgroups
〈ρ, τ, σαa1α3〉 ∼= C3p , 〈ρ, τ, σαa1〉 ,
〈
ρ, τ, σαa1α
−1
3
〉 ∼= M1 for a = 1, ..., p− 1;
if a2 6= 0 and a3 = −1, then we find regular subgroups〈
ρ, τ, σαc1α
b
2α
−1
3
〉 ∼= M1 for c = 0, ..., p− 1, b = 1, ..., p− 1;
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and if a2 6= 0 and a3 6= −1, then we find regular subgroups〈
ρ, τ, σαc1α
b
2
〉 ∼= M2, 〈ρ, τ, σαc1αb2α3〉 ∼= Cp2 × Cp for c = 0, ..., p− 1, b = 1, ..., p− 1.
Next, we consider the subgroups
〈
ρ, στ d
〉
of M1 for some d = 0, ..., p − 1, and
investigate the possibility of pairing these subgroups with subgroups of the from
〈αa11 αa22 αa33 〉. Thus, we can consider subgroups of the form
G =
〈
ρ, στ d, h
〉
where h
def
= ταa11 α
a2
2 α
a3
3
Note, we have
h
(
στ d
)
h−1 = τ
(
αa11 α
a2
2 α
a3
3 ·
(
στ d
))
τ−1 = ρa3d+a1+1στa2+d,
and for r a natural number we have
(
στ d
)r
= ρ
1
2
dr(r−1)σrτ rd,
so for the pairing to be possible we need a2 = 0.
Therefore, similar to Lemma 4.4.2, for da3 + a1 + 1 ≡ 0 mod p, we find regular
subgroups 〈
ρ, στ d, τα
−(cd+1)
1 α
c
3
〉 ∼= C3p for c, d = 0, ..., p− 1,
and for da3 + a1 + 1 6≡ 0 mod p, we find regular subgroups〈
ρ, στ d, τα1
〉
,
〈
ρ, στ d, ταa1α
c
3
〉 ∼= M1
for a, d = 0, ..., p− 1, c = 1, ..., p− 1 with a+ cd+ 1 6≡ 0 mod p.
Therefore, we have that if G ⊆ Hol(M1) is a regular subgroup with |Θ(G)| = p
and p = 3, then G is isomorphic to either M1, C
3
p , M2, or Cp2 × Cp. In particular,
there are (we shall multiply by p+1 appropriately wherever a subgroup involves α2)
(p−1)+(p−1)+(p+1)(p−1)p+(p−2)p+(p−1)p2− (p−1)p = p4−p3−p2−p+1
regular subgroups isomorphic to M1,
(p− 1) + p2 = p2 + p− 1
regular subgroups isomorphic to C3p ,
(p+ 1)(p− 1)p = (p− 1)3p
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regular subgroups isomorphic to M2, and
(p+ 1)(p− 1)p = (p− 1)3p
isomorphic to Cp2 × Cp.
The corresponding non-isomorphic skew braces are
〈ρ, τ, σα1〉 ,
〈
ρ, τ, σα−13
〉
,
〈
ρ, τ, σα2α
−1
3
〉 ∼= M1,
〈ρ, τ, σα3〉 ∼= C3p , 〈ρ, τ, σα2〉 ∼= M2, 〈ρ, τ, σα2α3〉 ∼= Cp2 × Cp;
therefore there are three M1, one C
3
p , one M2, and one Cp2 × Cp-skew braces of M1
type.
Corollary 5.5.3. For p = 3 we have
e(M1,M1, p) = p
4 − p3 − p2 − p+ 1,
e(C3p ,M1, p) = (p
3 − 1)(p2 + p− 1),
e(M2,M1, p) = p,
e(Cp2 × Cp,M1, p) = (p− 1)p,
and e(Cp3 ,M1, p) = 0.
Furthermore, we have
e˜(M1,M1, p) = 3,
e˜(C3p ,M1, p) = 1,
e˜(M2,M1, p) = 1,
e˜(Cp2 × Cp,M1, p) = 1,
and e˜(Cp3 ,M1, p) = 0.
Proof. Follows from Lemma 5.5.2.
Lemma 5.5.4. For p = 3 and |Θ(G)| = p2 there are exactly
(p3 − p2 + 1)p
regular subgroups isomorphic to M1,
(p2 + p+ 1)p
isomorphic to C3p ,
(p− 1)3p2
isomorphic to M2, and (p− 1)3p isomorphic to Cp2 × Cp contained in Hol(M1).
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Furthermore, there are six M1, four C
3
p , three M2, and one Cp2×Cp-skew braces
of M1 type.
Proof. If G ⊆ Hol(M1) with |Θ(G)| = p2 and p = 3, then we can assume that we
have Θ(G) ⊆ 〈α1, α2, α3〉 a subgroup of order p2 and G∩M1 a subgroup of order p.
By calculation similar to that of Lemma 4.4.4, we can consider subgroups of the
form
G = 〈ρ, uα1, vα3〉 , 〈ρ, xα1, yα2αa3〉 .
Let us consider
G = 〈ρ, uα1, vα3〉 .
Then identically to Lemma 4.4.4, we have regular subgroups
〈ρ, uα1, vα3〉 ∼= C3p (5.8)
for A =
(
u2 v2
u3 v3
)
∈ GL2(Fp) with v2 = u3 + det(A).
There are
(p− 2)p+ (p− 1)2p
of these. We also find regular subgroups
〈ρ, uα1, vα3〉 ∼= M1 (5.9)
for A =
(
u2 v2
u3 v3
)
∈ GL2(Fp) with v2 − u3 − det(A) 6≡ 0 mod p,
and there are
(p2 − 1)(p2 − p)− (p− 2)p− (p− 1)2p
of these.
Next, we consider the subgroups of the form
G = 〈ρ, xα1, yα2αa3〉 with x2 = 0.
Note, we have
(yα2α
a
3)
p = ρ(a+y2)y2 ,
we also have
(xα1) (yα2α
a
3) = ρ
y2xyα1α2α
a
3 and
(yα2α
a
3) (xα1) = ρ
ax3−x3y2xyα1α2αa3,
so G is abelian if and only if y2 = ax3 − x3y2, also G is of exponent p if a + y2 = 0
and exponent p2 otherwise.
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Therefore, we have regular subgroups
〈
ρ, τα1, σ
y2τ y3α2α
−y2
3
〉 ∼= C3p for y3 = 0, ..., p− 1, y2 = 1, ..., p− 1,〈
ρ, τ 2α1, σ
y2τ y3α2
〉 ∼= Cp2 × Cp for y3 = 0, ..., p− 1, y2 = 1, ..., p− 1,
and if y2 6= ax3 − x3y2, then we find regular subgroups〈
ρ, τ 2α1, yα2α
−y2
3
〉 ∼= M1 for y1 = 0, ..., p− 1, y2 = 1, ..., p− 1,
〈ρ, τx3α1, yα2αa3〉 ∼= M2 for a, y3 = 0, ..., p− 1, x3, y2 = 1, ..., p− 1
with y2 6= ax3 − x3y2, a 6= −y2.
In summary, we have that if G ⊆ Hol(M1) is a regular subgroup with |Θ(G)| = p2
and p = 3, then G is isomorphism to either M1, C
3
p , M2, or Cp2 × Cp. In particular
(note we have to multiply by p + 1 = (p − 1)2 whenever a subgroup contains α2),
there are
(p2 − 1)(p2 − p)− p− (p− 1)2p+ (p− 1)3p
= (p3 − p2 + 1)p
isomorphic to M1,
p+ (p− 1)2p+ (p− 1)3p = (p2 + p+ 1)p
isomorphic to C3p ,
(p− 1)p2(p− 1)2 = (p− 1)3p2
isomorphic to M2, and (p− 1)3p isomorphic to Cp2 × Cp.
The corresponding non-isomorphic skew braces are
〈ρ, σα1, σu3τu4α3〉 ,
〈
ρ, τ−1α1, σα3
〉
,
〈
ρ, τ 2α1, σα2α
2
3
〉 ∼= M1, 〈ρ, τx3α1, σα2αa3〉 ∼= M2,〈
ρ, σu2τ−u2α1, τα3
〉
,
〈
ρ, τ−2α1, σ2α3
〉
,
〈
ρ, τα1, σα2α
2
3
〉 ∼= C3p ,〈
ρ, τ 2α1, σα2
〉 ∼= Cp2 × Cp for a = 0, 1, u4 = 0, ..., p− 1, u2, u3, x3 = 1, ..., p− 1
with u3 6= v4, ax3 6= (1 + x3);
therefore there are
(p− 1)p− (p− 1) + (p− 2) + 1 = (p− 1)p
of M1,
(p− 1) + 1 + 1 = p+ 1
of C3p , three M2, and one Cp2 × Cp-skew braces of M1 type.
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Corollary 5.5.5. For p = 3 we have
e(M1,M1, p
2) = (p3 − p2 + 1)p,
e(C3p ,M1, p
2) = (p3 − 1)(p2 + p+ 1)p,
e(M2,M1, p
2) = p2,
e(Cp2 × Cp,M1, p2) = (p− 1)p,
and e(Cp3 ,M2, p
2) = 0.
Furthermore, we have
e˜(M1,M1, p
2) = 6,
e˜(C3p ,M1, p
2) = 4,
e˜(M2,M1, p
2) = 3,
e˜(Cp2 × Cp,M1, p2) = 1,
and e˜(Cp3 ,M2, p
2) = 0.
Proof. Follows from Lemma 5.5.4.
Lastly, if G ⊆ Hol(M1) with |Θ(G)| = p3 and p = 3, then calculation identical
to that of Lemma 4.4.6 and Corollary 4.4.7 will show that we only have
e(M1,M1, p
3) = (p+ 1)(p− 1)p3 and e˜(M1,M1, p3) = 4.
5.6 Regular subgroups contained in Hol(M2) for
p = 3
In this section we find the regular subgroups contained in Hol(M2) for p = 3 and
the corresponding skew braces. The main results of this section is the following.
Proposition 5.6.1. For p = 3 we have
e(M2,M2) = 78,
e(Cp2 × Cp,M2) = 78,
e(M1,M2) = 96,
e(C3p ,M2) = 1248,
and e(Cp3 , C
3
p) = 0.
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Furthermore, we have
e˜(M2,M2) = 22,
e˜(Cp2 × Cp,M2) = 11,
e˜(M1,M2) = 4,
e˜(C3p ,M2) = 2,
and e˜(Cp3 , C
3
p) = 0.
The proof of proposition above follows from the calculations in rest of this section.
We shall use the notation of Section 4.5. Recall a subgroup of Hol(M2) of order p
3
lies in
M2 o 〈α1, α2, α3〉 ∼= M2 oM1.
We have
e(M2,M2, 1) = e˜(M2,M2, 1) = 1,
e(G,M2, 1) = e˜(G,M2, 1) = 0 if G 6= M2.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas. First we
note that for natural numbers r, ai and an element v = σ
v1τ v2 ∈M2, we have
(vαa11 α
a2
2 α
a3
3 )
p = v(a2a3+a2v1+1)p = σv1(a2a3+a2v1+1)p, (5.10)
so the element vαa11 α
a3
2 α
a2
3 can have order p or p
2 depending on various configura-
tions, and this is the main difference in comparison to Section 4.5.
Lemma 5.6.2. For p = 3 and |Θ(G)| = p there are exactly
p3 + p− 1
regular subgroups isomorphic to M2,
(p2 − p− 1)p
isomorphic to Cp2 × Cp, p isomorphic to M1, and p isomorphic to C3p contained in
Hol(M2).
Furthermore, there are eight M2, four Cp2×Cp, one M1, and one C3p -skew braces
of M2 type.
Proof. Most procedures are similar to Lemma 4.5.2. If G ⊆ Hol(M2) with |Θ(G)| =
p and p = 3, then Θ(G) is one of
〈αa11 αa22 αa33 〉 for a1, a2, a3 = 0, ..., p− 1 with (a1, a2, a3) 6= (0, 0, 0),
5.6 Regular subgroups contained in Hol(M2) for p = 3 177
and G ∩M2 is one of
〈σp, τ〉 , 〈στ d〉 for d = 0, ..., p− 1.
We shall consider all subgroups of order p2 in M2 and all ways of pairing them with
a subgroup of order p of 〈α1, α2, α3〉.
We start with the subgroup 〈σp, τ〉 of M2. Then we must have
G = 〈σp, τ, g〉 where g def= σαa11 αa22 αa33 .
Note,
gp = σ(a2a3+a2+1)p,
so G has exponent p if and only if a2a3 + a2 + 1 = 0. Now for r 6= 0 we have
gτ r = σra3pστ rαa11 α
a2
2 α
a3
3 = σ
ra3p−rpτ rg = gr(a3−1)pτ rg,
so G is abelian if and only if a3 = 1.
Therefore, when a3 = 1 we find regular subgroups〈
τ, σαa1α
b
2α3
〉 ∼= Cp2 × Cp, 〈σp, τ, σαa1α2α3〉 ∼= C3p for a = 0, ..., p− 1, b = 0, 2;
if a3 6= 1, then G is nonabelian; in such case we have that G is exponent p2 when
a2(a3 + 1) + 1 6= 0, and G is exponent p when a2(a3 + 1) + 1 = 0. We find regular
subgroups
〈τ, σαa11 〉 , 〈τ, σαa1α2〉 ,
〈
τ, σαa1α
b
2α
−1
3
〉 ∼= M2, 〈τ, σp, σαa1α−12 〉 ∼= M1
for a, b = 0, ..., p− 1, a1 = 1, ..., p− 1.
Finally, we consider the subgroups
〈
στ d
〉
of M2 for some d = 0, ..., p − 1, and
investigate the possibility of pairing these subgroups with a subgroup of the form
〈αa11 αa22 αa33 〉. Thus, we consider subgroups of the form
G =
〈
στ d, h
〉
where h
def
= ταa11 α
a2
2 α
a3
3 .
Note we need
h(στ d)h−1 = τ
(
αa11 α
a2
2 α
a3
3 ·
(
στ d
))
τ−1 = σ(a3d+a1+1)p+1τa2+d ∈ 〈στ d〉 ,
and since we have (
στ d
)(a3d+a1+1)p+1
= σ(a3d+a1+1)p+1τ d,
for the pairing to be possible, we need a2 = 0.
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Therefore, similarly to Lemma 4.5.2, we find regular subgroups〈
στ d, τα
−(cd+1)
1 α
c
3
〉 ∼= Cp2 × Cp for c, d = 0, ..., p− 1,〈
στ d, τα1
〉
,
〈
στ d, ταa1α
c
3
〉 ∼= M2
for a, d = 0, ..., p− 1, c = 1, ..., p− 1 with a+ cd+ 1 6≡ 0 mod p.
In summary, we have that if G ⊆ Hol(M2) is a regular subgroup with |Θ(G)| = p
and p = 3, then G is isomorphic to either M2, Cp2 × Cp, M1, or C3p . In particular,
there are
(p− 1) + p+ p2 + p+ (p− 1)p2 − (p− 1)p = p3 + p− 1
regular subgroups isomorphic to M2,
(p− 1)p+ p2 = (p2 − p− 1)p
isomorphic to Cp2 × Cp, p isomorphic to M1, and p isomorphic to C3p .
The corresponding non-isomorphic skew braces are
〈τ, σα1〉 , 〈τ, σα2〉 ,
〈
τ, σα−13
〉
,
〈
τ, σαa2α
−1
3
〉
, 〈σ, τα1〉 ,
〈
σ, ταa−11 α3
〉 ∼= M2,〈
σp, τ, σα−12
〉 ∼= M1, 〈τ, σα3〉 , 〈τ, σα−12 α3〉 , 〈σ, τα−11 〉 , 〈σ, τα1α−13 〉 ∼= Cp2 × Cp,
〈σp, τ, σα2α3〉 ∼= C3p for a = 1, 2;
therefore, we find eight M2, four Cp2 × Cp, one M1, and one C3p -skew braces of M2
type.
Corollary 5.6.3. For p = 3 we have
e(M2,M2, p) = p
3 + p− 1,
e(Cp2 × Cp,M2, p) = (p2 − p− 1)(p− 1)p,
e(M1,M2, p) = (p
2 − 1)p,
e(C3p ,M2, p) = (p
3 − 1)(p2 − 1)p,
and e(Cp3 ,M2, p) = 0.
Furthermore, we have
e˜(M2,M2, p) = 8,
e˜(Cp2 × Cp,M2, p) = 4,
e˜(M1,M2, p) = 1,
e˜(C3p ,M2, p) = 1,
and e˜(Cp3 ,M2, p) = 0.
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Proof. Follows from Lemma 5.6.2.
Lemma 5.6.4. For p = 3 and |Θ(G)| = p2 there are exactly (p − 1)4p regular
subgroups isomorphic to M2, (p−1)3p isomorphic to Cp2×Cp, p2 isomorphic to M1,
and p isomorphic to C3p contained in Hol(M2).
Furthermore, there are twelve M2, seven Cp2 × Cp, three M1, and one C3p -skew
braces of M2 type.
Proof. If G ⊆ Hol(M2) with |Θ(G)| = p2 and p = 3, then Θ(G) is one of
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1,
and G ∩M2 is one of
〈σp〉 , 〈τσbp〉 for b = 0, ..., p− 1.
We shall consider all subgroups of order p in M2 and all ways of pairing them with
a subgroup of order p2 of 〈α1, α2, α3〉.
We start with the subgroup 〈σp〉 of M2, and to obtain regular subgroups, follow-
ing the method of Lemma 4.5.4, we consider subgroups of the form
G = 〈σp, uα1, vα3〉 , 〈σp, xα1, yα2αa3〉 .
Note, we have
(uα1)
p = up, (vα3)
p = vp, (yα2α
a
3)
p = y(a+y1+1)p.
Therefore, considering the subgroups of the form
G = 〈σp, uα1, vα3〉 ,
by calculation identical to that of Lemma 4.5.4, we find regular subgroups
〈
τα1, σ
−1τ v2α3
〉 ∼= Cp2 × Cp for v2 = 0, ..., p− 1,
〈τu2α1, σv1τ v2α3〉 ∼= M2 for v2 = 0, ..., p− 1, u2, v1 = 1, ..., p− 1 with v1 6= u2 − u1v2,
〈uα1, vα3〉 ∼= Cp2 × Cp for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1 6= 0, v1 = u2 + det(A),
〈uα1, vα3〉 ∼= M2 for A =
(
u1 v1
u2 v2
)
∈ GL2(Fp) with u1 6= 0, v1 6= u2 + det(A).
Next, we consider subgroups of the form
G = 〈σp, xα1, yα2αa3〉 ,
and for G to have size p3, we must to set x1 = 0, so for G to be regular we need
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x2, y1 6= 0. Now, the element yα2αa3 has order p if a + y1 + 1 ≡ 0 mod p and order
p2 otherwise, also G is abelian if and only if ax2 − y1 − x2y1 ≡ 0 mod p.
Therefore, when ax2 = y1 + x2y1 we find regular subgroups〈
τx2α1, σ
y1τ y2α2α
(1+x2)y1x
−1
2
3
〉 ∼= Cp2 × Cp
for x2, y1 = 1, ..., p− 1, y2 = 0, ..., p− 1 with x−12 y1 − y1 + 1 6= 0,〈
σp, τ−1α1, σ−1τ y2α2
〉 ∼= C3p for y2 = 0, ..., p− 1,
and if ax2 6= y1 + x2y1, then we have regular subgroups
〈τx2α1, σy1τ y2α2αa3〉 ∼= M2 for x2, y1 = 1, ..., p− 1, a, y2 = 0, ..., p− 1,
with ax2 6= y1 + x2y1, a+ y1 + 1 6= 0,〈
σp, τx2α1, σ
y1τ y2α2α
−y1−1
3
〉 ∼= M1
for x2, y1 = 1, ..., p− 1, y2 = 0, ..., p− 1, with x2 + y1 − x2y1 6= 0.
Finally, we consider the subgroup
〈
τσbp
〉
of M2 for b = 0, ..., p−1, and investigate
the possibility of pairing this subgroup with the subgroups
〈α1, α3〉 , 〈α1, α2αa3〉 for a = 0, ..., p− 1.
It follows from (5.10) that we can consider a subgroups of the form
G =
〈
τσbp, σu1pα1, σ
v1αa22 α
a3
3
〉
with a2a3 + a2v1 + 1 = 0, u1, v1 6≡ 0 mod p.
Now
(σpu1α1) (σ
v1α2α
a3
3 ) = σ
u1pσv1pσv1α1α2α
a3
3 and
(σv1α2α
a3
3 ) (σ
u1pα1) = σ
u1pσv1α1α2α
a3
3 ,
which implies that we need v1 ≡ 0 mod p which is not possible if we want G to be
regular. Therefore, there are no regular subgroup of this form.
In summary, we have that if G ⊆ Hol(M2) is a regular subgroup with |Θ(G)| = p2
and p = 3, then G is isomorphic to either M2, Cp2 × Cp, M1, or C3p . In particular,
there are
(p− 1)2p− p+ (p2− 1)(p2− p)− (p− 1)3p+ (p− 1)2p2− (p− 1)2p− p2 = (p− 1)4p
regular subgroup isomorphic to M2,
p+ (p− 1)2p+ (p− 1)2p− p = (p− 1)3p
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isomorphic to Cp2 × Cp,
(p− 1)2p− p = p2
isomorphic to M1, and p isomorphic to C
3
p .
The corresponding non-isomorphic skew braces are
〈τu2α1, σv1α3〉 ,
〈
τ−1α1, στ v2α3
〉
,
〈
σα1, σ
t3τ t4α3
〉
, 〈τx2α1, σsα2αa3〉 ∼= M2,〈
σp, τx2α1, σ
sα2α
−s−1
3
〉 ∼= M1, 〈τα1, σ−1α3〉 , 〈τ−2α1, σ2τα3〉 , 〈σα1, σu3τu3α3〉 ,〈
τx2α1, σ
sα2α
s(1+x2)x
−1
2
3
〉 ∼= Cp2 × Cp, 〈σp, τ−1α1, σ−1α2〉 ∼= C3p
for a, t3 = 0, ..., p− 1, u2, v1, t4, x2, u3 = 1, ..., p− 1, v2 = 0, 1, s ∈ F×p ,
with u2 6= −v1, u2 6= v1(1 + u2), t3 6= t4, ax2 6= s(1 + x2),
a 6= −s− 1, s(x−12 − 1) 6= 2;
therefore there are
(p−1)2− (p−1)− (p−2)+ 1+ 2(p−1)−2 +(p−1)p− (p−1)+ 2(p−1)p−2(p−1)
−2(p− 1) + 1 = 4(p− 1)2 − 2(p− 1) + 1 = (p− 1)2p+ 1
M2,
p− 2 + 1 + p− 1 + 2(p− 1)− 1 = 4(p− 1)− 1 = p2 − p+ 1
Cp2 × Cp,
2(p− 1)− 1 = p
M1, and one C
3
p -skew braces of M2 type.
Corollary 5.6.5. For p = 3 we have
e(M2,M2, p
2) = (p− 1)4p,
e(Cp2 × Cp,M2, p2) = (p− 1)4p,
e(M1,M2, p
2) = (p2 − 1)p2,
e(C3p ,M2, p
2) = (p3 − 1)(p2 − 1)p,
and e(Cp3 ,M2, p
2) = 0.
Furthermore, we have
e˜(M2,M2, p
2) = 13,
e˜(Cp2 × Cp,M2, p2) = 7,
e˜(M1,M2, p
2) = 3,
e˜(C3p ,M2, p
2) = 1,
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and e˜(Cp3 ,M2, p
2) = 0.
Proof. Follows from Lemma 5.6.4.
Lastly, if G ⊆ Hol(M2) with |Θ(G)| = p3 and p = 3, then we must have Θ(G) =
〈α1, α2, α3〉, and so
G = 〈uα1, vα2, wα3〉 .
For G to have size p3 we require up = wp = 1 and v(v1+1)p = 1, so we may assume
G = 〈σu1pτu2α1, σv1τ v2α2, σw1pτw2α2〉 , with v1(v1 + 1) ≡ 0 mod p.
Note G maps isomorphically onto M1. Now we have
(σu1pτu2α1) (σ
w1pτw2α3) = σ
u1pτu2σw1pτw2α1α3 and
(σw1pτw2α3) (σ
u1pτu2α1) = σ
w1pτw2σu1p (σpτ)u2 α1α3,
so we need u2 = 0. We also have
(σu1pα1) (σ
v1τ v2α2) = σ
u1pσv1pσv1τ v2α1α2 and
(σv1τ v2α2)(σ
u1pα1) = σ
v1τ v2σu1pα1α2,
so we need v1 ≡ 0 mod p, but now G cannot be regular. Therefore, there are no
regular subgroups of this form.
5.7 Regular subgroups contained in Hol(D8)
In this section we find the regular subgroups contained in Hol(D8) and the corre-
sponding skew braces. The main result of this section is the following.
Proposition 5.7.1. For p = 2 we have
e(D8, D8) = 6,
e(Cp2 × Cp, D8) = 6,
e(Q8, D8) = 6,
e(C3p , D8) = 42,
e(Cp3 , D8) = 2.
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Furthermore, we have
e˜(D8, D8) = 4,
e˜(Cp2 × Cp, D8) = 3,
e˜(Q8, D8) = 2,
e˜(C3p , D8) = 1,
e˜(Cp3 , D8) = 2.
The proof of proposition above follows from calculations in the rest of this section.
Recall, we had
D8
def
=
〈
σ, τ | σ4 = τ 2 = 1, τσ = σ−1τ〉 .
We shall use the notation of Section 3.6. Recall, Aut(D8) fits in the exact sequence
1 C22 Aut(D8) U(F2) 1
Ψ
where
U(F2)
def
=
{
A ∈ GL2(F2) | A =
(
1 c
0 1
)}
,
and KerΨ = 〈α1, α3〉 ∼= C2 × C2 with
α1
def
=
(
p+ 1 0
0 1
)
, α3
def
=
(
1 p
0 1
)
.
Therefore, a subgroup of Hol(D8) of order p
3 lies in
D8 o 〈α1, α2〉 ∼= D8 oD8 with α2 def=
(
1 1
0 1
)
.
We have
e(D8, D8, 1) = e˜(D8, D8, 1) = 1,
e(G,D8, 1) = e˜(G,D8, 1) = 0 if G 6= D8.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
Lemma 5.7.2. For p = 2 and |Θ(G)| = p there are exactly p regular subgroups
isomorphic to D8, p
2 isomorphic to Cp2 × Cp, one isomorphic to Q8, p isomorphic
to C3p , and p isomorphic to Cp3 contained in Hol(D8).
Furthermore, there is one D8, two Cp2 ×Cp, one Q8, one C3p , and one Cp3-skew
braces of D8 type.
Proof. If G ⊆ Hol(D8) with |Θ(G)| = p and p = 2, then we must have Θ(G) ⊆
〈α1, α2〉 a subgroup of order p and G∩D8 a subgroup of order p2. Therefore, Θ(G)
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is one of
〈αp2〉 , 〈αa2α1〉 for a = 0, ..., 3,
and G ∩D8 is one of 〈
σp, σbτ
〉
, 〈σ〉 for b = 0, 1.
We shall consider all subgroups of order p2 in D8 and all ways of pairing them with
a subgroup of order p of 〈α1, α2〉.
Therefore, we can consider subgroups of the form
G =
〈
σp, σbτ, σαa22 α
a1
1
〉
, 〈σ, ταa22 αa11 〉 .
Let us consider G =
〈
σp, σbτ, σαa22 α
a1
1
〉
. Note we have
σ
(
αa22 α
a1
1 ·
(
σbτ
))
σ−1 = σσa1bpσa2+bτσ−1 = σ(a1b+1)pσa2+bτ,
(σαa22 α
a1
1 )
p = σ(a1+1)pα
(a1+1)a2p
2 ,
(σαa22 α
a1
1 )
(
σbτ
)
= σσa1bpσa2+bταa22 α
a1
1 = σ
(a1b+1)p+a2
(
σbτ
)
(σαa22 α
a1
1 ) .
The first equation implies that we need a2 = 0, 2, the second implies that G has
exponent p2 when a1 = 0 and exponent p otherwise, and the third implies that G is
abelian when
(a1b+ 1) p+ a2 ≡ 0 mod p2.
Therefore, using the above information, we find regular subgroups
〈
σbτ, σαp2
〉 ∼= Cp2×Cp, 〈σp, σbτ, σα(b+1)p2 α1〉 ∼= C3p , 〈σbτ, σαbp2 α1〉 ∼= D8 for b = 0, 1.
Note, α2 is an automorphism which takes τ to στ , so the corresponding non-
isomorphic skew braces are
〈τ, σαp2〉 ∼= Cp2 × Cp, 〈σp, τ, σαp2α1〉 ∼= C3p , 〈τ, σα1〉 ∼= D8.
Next, we consider G = 〈σ, ταa22 αa11 〉. Note we have
τ (αa22 α
a1
1 · σ) τ−1 = σ(a1+1)p+1,
(ταa22 α
a1
1 )
p = σa2p+a2α
(a1+1)a2p
2 ,
(ταa22 α
a1
1 )σ = σ
(a1+1)pσ (ταa22 α
a1
1 ) .
The first equation implies that the pairing is always possible, the second determines
the exponent, and the third shows that G is abelian when a1 = 1.
Therefore, using the above information, we find regular subgroups
〈σ, ταa22 α1〉 ∼= Cp3 ,
〈
σ, ταa2+12 α1
〉 ∼= Cp2 × Cp, 〈σ, ταp2〉 ∼= Q8 for a2 = 1, 3.
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The corresponding non-isomorphic skew braces are
〈σ, τα2α1〉 ∼= Cp3 , 〈σ, ταp2α1〉 ∼= Cp2 × Cp, 〈σ, ταp2〉 ∼= Q8.
Corollary 5.7.3. For p = 2 we have
e(D8, D8, p) = p,
e(Cp2 × Cp, D8, p) = p2,
e(Q8, D8, p) = p+ 1,
e(C3p , D8, p) = (p
3 − 1)(p+ 1)p,
e(Cp3 , D8, p) = 1.
Furthermore, we have
e˜(D8, D8, p) = 1,
e˜(Cp2 × Cp, D8, p) = 2,
e˜(Q8, D8, p) = 1,
e˜(C3p , D8, p) = 1,
e˜(Cp3 , D8, p) = 1.
Proof. Follows from Lemma 5.7.2.
Lemma 5.7.4. For p = 2 and |Θ(G)| = p2 there are exactly p+ 1 regular subgroups
isomorphic to D8, p isomorphic to Cp2×Cp, one isomorphic to Q8, and p isomorphic
to Cp3 contained in Hol(D8).
Furthermore, there are two D8, one Cp2 × Cp, one Q8, and one Cp3-skew braces
of D8 type.
Proof. If G ⊆ Hol(D8) with |Θ(G)| = p2 and p = 2, then we must have Θ(G) ⊆
〈α1, α2〉 a subgroup of order p2 and G∩D8 a subgroup of order p. Therefore, Θ(G)
is one of 〈
αp2, α
b
2α1
〉
, 〈α2〉 for b = 0, 1,
and G ∩D8 is one of
〈σp〉 , 〈σaτ〉 for a = 0, ..., 3.
We shall consider all subgroups of order p in D8 and all ways of pairing them with
a subgroup of order p2 of 〈α1, α2〉.
We consider subgroups of the form
G = 〈u, vαp2, wαa22 αa11 〉
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for some u = σu1τu2 , v = σv1τ v2 , w = σw1τw2 ∈ D8 with u, v, w 6= 1 and u2 = 1.
We need
v (αp2 · u) v−1 = σu2pvuv−1 = σ(u2+v2u1−u2v1)pu ∈ 〈u〉 ,
w (αa22 α
a1
1 · u)w−1 = σa1u1p+a2u2w2pσa2u2wuw−1 = σ(a1u1+a2u2w2+w2u1−u2w1)pσa2u2u ∈ 〈u〉 ,
(vαp2)
p = σ(v2+v1+v2v1)p ∈ 〈u〉 .
Now if u2 = 1, then we can assume v2 = w2 = 0, which implies, using the first
equation, that we need to have v1 = 1 or 3, but from the second equation, we need
v1 = 0 or 2 which is not possible. Hence, we must have u = σ
p. Now we have
v (αp2 · σp) v−1 = σp,
w (αa22 α
a1
1 · σp)w−1 = σp,
(vαp2)
p = σ(v1+v1v2+v2)p,
(wαa22 α
a1
1 )
p = σ(a1w1+w1+w1w2a2w2)pσa2w2α
(a1+1)a2p
2 . (5.11)
We also have
(vαp2) (wα
a2
2 α
a1
1 ) = σ
w2pvwαp+a22 α
a1
1 ,
(wαa22 α
a1
1 ) (vα
p
2) = σ
(a1v1+w1v1+v2w1+a2v2w2)pσa2v2vwαp+a22 α
a1
1 ,
Let us consider two cases of a1 = 0, 1.
If a1 = 0, then we a2 and using (5.11) we need w2 = 1, so we find regular
subgroups
〈σw1τα2〉 ∼= Cp3 for w1 = 0, 1.
If a1 = 1, then we need a2w2 ≡ a2v2 ≡ 0 mod p, and so in order for G to be regular
we must set a2 = 0. Thus, we consider subgroups of the form G = 〈σp, vαp2, wα1〉.
Now G is abelian if and only if
w2 + v1 ≡ v1w2 + v2w1 ≡ 1 mod p.
Therefore, we have regular subgroups
〈
σv2+1ταp2, στ
v2α1
〉 ∼= Cp2 × Cp, 〈ταp2, σα1〉 , 〈στ v2αp2, τα1〉 ∼= D8, 〈σαp2, στα1〉 ∼= Q8
for v2 = 0, 1.
The corresponding non-isomorphic skew braces are
〈τα2〉 ∼= Cp3 , 〈ταp2, στα1〉 ∼= Cp2×Cp, 〈ταp2, σα1〉 , 〈σαp2, τα1〉 ∼= D8, 〈σαp2, στα1〉 ∼= Q8.
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Corollary 5.7.5. For p = 2 we have
e(D8, D8, p
2) = p+ 1,
e(Cp2 × Cp, D8, p2) = p,
e(Q8, D8, p
2) = p+ 1,
e(Cp3 , D8, p
2) = 1,
and e(G,D8, p
2) = 0 otherwise.
Furthermore, we have
e˜(D8, D8, p
2) = 2,
e˜(Cp2 × Cp, D8, p2) = 1,
e˜(Q8, D8, p
2) = 1,
e˜(Cp3 , D8, p
2) = 1,
and e˜(G,D8, p
2) = 0 otherwise.
Proof. Follows from Lemma 5.7.4.
Lemma 5.7.6. For p = 2 and |Θ(G)| = p3 there are no regular subgroups contained
in Hol(D8).
Proof. If G ⊆ Hol(D8) with |Θ(G)| = p3 and p = 2, then we must have
G = 〈uα1, vα2〉 .
Note we have
(uα1)
p = (σu1τu2α1)
p = σu1u2p and
(vα2)
p = (σv1τ v2α2)
p = σ(v1+v2+v1v2)pσv2αp2,
so we need to set v2 = 0 and u1u2 ≡ 0 mod p, we also have
(uα1) (σ
v1α2) = σ
v1puvα1α2 and
(vα2)
p+1 (σu1τu2α1) = σ
(u2+u2v1)pσu2uvαp+12 α1.
This implies that we need u2 = 0, so we cannot find regular subgroups of this
form.
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5.8 Regular subgroups contained in Hol(Q8)
In this section we find the regular subgroups contained in Hol(Q8) and the corre-
sponding skew braces. The main result of this section is the following.
Proposition 5.8.1. For p = 2 we have
e(Q8, Q8) = 2,
e(C3p , Q8) = 14,
e(D8, Q8) = 2,
e(Cp2 × Cp, Q8) = 2,
e(Cp3 , Q8) = 2.
Furthermore, we have
e˜(Q8, Q8) = 2,
e˜(C3p , Q8) = 1,
e˜(D8, Q8) = 2,
e˜(Cp2 × Cp, Q8) = 1,
e˜(Cp3 , Q8) = 2.
The proof of proposition above follows from calculations in the rest of this section.
We shall use the notation of Section 3.6. Recall Aut(Q8) fits in the exact sequence
1 C22 Aut(Q8) GL2(F2) 1,
Ψ
where KerΨ = 〈α1, α3〉 ∼= C22 with
α1
def
=
(
p+ 1 0
0 1
)
, α3
def
=
(
1 p
0 1
)
;
thus a subgroup of Hol(Q8) of order p
3 lies in one of p+ 1 conjugates of
Q8 o 〈α1, α2〉 ∼= Q8 oD8 with α2 def=
(
1 1
0 1
)
.
Now here we are not sure that the exact sequence above is a split, so the problem
of finding skew braces is different from M1. We shall determine the structure of
5.8 Regular subgroups contained in Hol(Q8) 189
Aut(Q8). Note, we have α
p
2 = α3, and if we let
α4
def
=
(
1 1
1 0
)
∈ Aut(Q8),
then we have
α−14 =
(
0 1
1 1
)
, α34 = 1, α4α2α4 = α2α1,
so Ψ(〈α2, α4〉) = GL2(F2), and therefore,
Aut(Q8) = 〈α1, α2, α4〉 .
Therefore, we find the following formulae
α2α1α
−1
2 = α1α
2
2, α4α1α
−1
4 = α
2
2, α4α
2
2α
−1
4 = α1α
2
2,
α4α2α
−1
4 = α2α1α4, α
−1
4 α2α4 = α4α2α1,
which will help us in finding the non-isomorphic skew braces.
We have
e(Q8, Q8, 1) = e˜(Q8, Q8, 1) = 1,
e(G,Q8, 1) = e˜(G,Q8, 1) = 0 if G 6= Q8.
We shall deal with the cases |Θ(G)| = p, p2, p3 in the following lemmas.
Lemma 5.8.2. For p = 2 and |Θ(G)| = p there are exactly p+ 1 regular subgroups
isomorphic to D8, (p+ 1)p isomorphic to Cp2 × Cp, and (p+ 1)p isomorphic to C3p
contained in Hol(Q8).
Furthermore, there is one D8, one Cp2 ×Cp, and one C3p -skew braces of Q8 type.
Proof. If G ⊆ Hol(Q8) with |Θ(G)| = p and p = 2, then we can assume, without
loss of generality, that we have Θ(G) ⊆ 〈α1, α2〉 a subgroup of order p. We also have
G ∩Q8 a subgroup of order p2. Therefore, Θ(G) is one of
〈αp2〉 , 〈αa2α1〉 for a = 0, ..., 3,
and G ∩Q8 is one of 〈
σbτ
〉
, 〈σ〉 for b = 0, 1.
We shall consider all subgroups of order p2 in Q8 and all ways of pairing them with
a subgroup of order p of 〈α1, α2〉, and we multiply the number of regular subgroups
which involve αa2 for a = 1 or 3 by p+ 1.
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Therefore, we can consider subgroups of the form
G =
〈
σbτ, σαa22 α
a1
1
〉
, 〈σ, ταa22 αa11 〉 .
Let us consider G =
〈
σbτ, σαa22 α
a1
1
〉
. Note we have
σ
(
αa22 α
a1
1 ·
(
σbτ
))
σ−1 = σσa1bpσa2+bτσ−1 = σ(a1b+1)pσa2+bτ,
(σαa22 α
a1
1 )
p = σ(a1+1)pα
(a1+1)a2p
2 ,
(σαa22 α
a1
1 )
(
σbτ
)
= σσa1bpσa2+bταa22 α
a1
1 = σ
(a1b+1)p+a2
(
σbτ
)
(σαa22 α
a1
1 ) .
The first equation implies that we need a2 = 0 or 2, and the third equation implies
that G is abelian if and only if
(a1b+ 1) p+ a2 ≡ 0 mod p2.
Therefore, we find regular subgroups〈
σbτ, σα
(ab+1)p
2 α
a
1
〉 ∼= Cp2 × Cp, 〈σbτ, σαbp2 α1〉 ∼= D8 for a, b = 0, 1.
Next, we consider G = 〈σ, ταa22 αa11 〉. Note we have
τ (αa22 α
a1
1 · σ) τ−1 = σ(a1+1)p+1,
(ταa22 α
a1
1 )
p = σ(a2+1)p+a2α
(a1+1)a2p
2 ,
(ταa22 α
a1
1 )σ = σ
(a1+1)pσ (ταa22 α
a1
1 ) .
Now, the first equation implies that the pairing is always possible, and the third
implies that G is abelian if and only if a1 = 1.
Therefore we have regular subgroups
〈ταa22 α1〉 ∼= Cp3 ,
〈
σ, ταa2+12 α1
〉 ∼= Cp2 × Cp, 〈σ, ταp2〉 ∼= D8 for a2 = 1, 3.
Note, the automorphism represented by ( 0 11 b ) maps σ to σ
bτ , thus any skew
braces arising from regular subgroups above is conjugate to one of
〈ταa22 α1〉 ∼= Cp3 ,
〈
σ, ταa2+12 α1
〉 ∼= Cp2 × Cp, 〈σ, ταp2〉 ∼= D8 for a2 = 1, 3.
Therefore, the corresponding non-isomorphic skew braces are
〈τα2α1〉 ∼= Cp3 , 〈σ, τα1〉 ∼= Cp2 × Cp, 〈σ, ταp2〉 ∼= D8.
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Corollary 5.8.3. For p = 2 we have
e(D8, Q8, p) = 1,
e(Cp2 × Cp, Q8, p) = p,
e(Cp3 , Q8, p) = 1,
and e(G,Q8, p) = 0 otherwise.
Furthermore, we have
e˜(D8, Q8, p) = 1,
e˜(Cp2 × Cp, Q8, p) = 1,
e˜(Cp3 , Q8, p) = 1,
and e˜(G,Q8, p) = 0 otherwise.
Proof. Follows from Lemma 5.8.2.
Lemma 5.8.4. For p = 2 and |Θ(G)| = p2 there is exactly one regular subgroup iso-
morphic to Q8, p isomorphic to C
3
p , p+1 isomorphic to D8, and (p+1)p isomorphic
to Cp3 contained in Hol(Q8).
Furthermore, there is one Q8, one D8, one C
3
p , and one Cp3-skew brace of Q8
type.
Proof. If G ⊆ Hol(Q8) with |Θ(G)| = p2 and p = 2, then we must have Θ(G) ⊆
〈α1, α2〉 a subgroup of order p2 and G∩Q8 a subgroup of order p. Therefore, Θ(G)
is one of 〈
αp2, α
b
2α1
〉
, 〈α2〉 for b = 0, 1,
and G ∩Q8 is 〈σp〉.
Therefore, we consider subgroups of the form
G = 〈σp, vαp2, wαa22 αa11 〉 for some v = σv1σv2 , w = σw1σw2 6= 1, v2, w2 = 0, 1.
Now we have
(vαp2)
p = σ(v2+1)v1p,
(wαa22 α
a1
1 )
p = σ(a2w2+a1w1+w1+w2+w1w2)pσa2w2α
(a1+1)a2p
2 .
We also have
(vαp2) (wα
a2
2 α
a1
1 ) = σ
w2pvwαp+a22 α
a1
1 and,
(wαa22 α
a1
1 ) (vα
p
2) = σ
(a1v1+v1w2+v2w1+a2v2w2)pσa2v2vwαp+a22 α
a1
1 ,
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Now we consider two cases for a1 = 0 or 1. If a1 = 0, then we need a2 = w2 = 1,
and we find regular subgroups
〈σw1τα2〉 ∼= Cp3 for w1 = 0, 1.
If a1 = 1, then we need a2 = 0, and so we consider G = 〈σp, vαp2, wα1〉 where we
need v1w2 + v2w1 ≡ 1 mod p. Now the group G is abelian if and only if
v1 + w2 ≡ v1w2 + v2w1 ≡ 1 mod p.
Therefore, we have regular subgroups
〈
σp, σv1+1ταp2, στ
v1α1
〉 ∼= C3p , 〈ταp2, σα1〉 , 〈στ v1αp2, σv1+1τα1〉 ∼= D8, 〈ταp2, σα1〉 ∼= Q8,
for v1 = 0, 1.
The corresponding non-isomorphic skew braces are
〈στα2〉 ∼= Cp3 , 〈σp, σταp2, σα1〉 ∼= C3p , 〈ταp2, σα1〉 ∼= D8, 〈ταp2, σα1〉 ∼= Q8.
Corollary 5.8.5. For p = 2 we have
e(Q8, Q8, p
2) = 1,
e(C3p , Q8, p
2) = (p3 − 1)p,
e(D8, Q8, p
2) = 1,
e(Cp3 , Q8, p
2) = 1,
and e(Cp2 × Cp, Q8, p2) = 0.
Furthermore, we have
e˜(Q8, Q8, p
2) = 1,
e˜(C3p , Q8, p
2) = 1,
e˜(D8, Q8, p
2) = 1,
e˜(Cp3 , Q8, p
2) = 1,
and e˜(Cp2 × Cp, Q8, p2) = 0.
Proof. Follows from Lemma 5.8.4.
Finally, if G ⊆ Hol(Q8) with |Θ(G)| = p3 and p = 2, then we must have
G = 〈σu2τu1α1, σv2τ v1α2〉 with u1, v1 = 0, 1.
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Note we have
(σu1τu2α1)
p = σ(u1+1)u2p,
(σv1τ v2α2)
p = σ(v2+1)v1pσv2αp2
for G to have size p3 and be regular we need to set v2 ≡ 0 mod p and (u1 + 1)u2 ≡
0 mod p. Now we also have
(σu1τu2α1)(σ
v1α2) = σ
(v1+u2v1)pσu1+v1τu2α1α2 and
(σv1α2)
p+1(σu1τu2α1) = σ
v1pσu2σv1+u1τu2αp+12 α1,
but this implies that we need u2 = 0, so there is no regular subgroup of this form.
This will end our investigation into the classification of Hopf-Galois structures
and skew braces of order p3.
Me thinks I am like a man, who
having struck on many shoals, and
having narrowly escaped shipwreck
in passing a small frith, has yet the
temerity to put out to sea in the
same leaky weather-beaten vessel,
and even carries his ambition so far
to think of compassing the globe
under these disadvantageous
circumstances. My memory of past
errors and perplexities, makes me
diffident for the future. The
wretched condition, weakness and
disorder of the faculties, I must
employ in my enquires, increase my
apprehensions. And the
impossibility of amending or
correcting these faculties, reduces
me almost to despair, and makes
me resolve to perish on the barren
rock, on which I am at present,
rather than venture myself upon
that boundless ocean, which runs
into immensity...
A Treatise of Human Nature
David Hume
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